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Preface

The possibility of a systematic and rigorous framework to study the
various sources of error occurring in incoherent scatter measurements, or in the
measurements of any kind of physical theory, arises naturally in connection with the
applications of statistical inversion theory. For three years, the Academy of Finland
supported an inversion project called ‘Optimising accuracy in incoherent scatter
measurements’ at the Finnish Meteorological Institute with Markku Lehtinen as
the responsible leader. This thesis is a product of that project. Although it may
be considered as a normal type of hybrid consisting of articles and texts written
during the past three years on the analysis of accuracies obtainable in incoherent
scatter measurements with the EISCAT UHF radar as the prime example, the
thesis nevertheless forms a consistent unit whose contents transcend the usual rules
of thumb and which - I hope — will be useful as a reference work later on in the
design and evaluation of incoherent scatter experiments.

The parturition of this work may be thanked to Markku Lehtinen’s clever
midwifery. My sincere thanks also go to the Finnish Meteorological Institute for
providing financial support to finish this thesis. I also thank several people for
help in the preparation of this work. Markku Mékeli has been the chief decorator
of the figures produced by MATLAB (except Chapter 2 which is due to Tuomo
Rantanen). The figures in Chapter 5 were produced by Vesa Meskanen, Figs. 21~
23 are due to Ingemar Haggstrom, and Figs. 24-26 to Markku Lehtinen. Tuomo
Nygrén and Noralv Bjgrné have pointed out a not insignificant amount of oversi ghts
and inaccuracies in the manuscript. My last humble thanks go to those people
whose serious scientific attitude has provided inspiration and confidence in the
practical work presented here. Among those not listed above, I want to mention
Asko Huuskonen, Lasse Jalonen and Jorma Kangas from Oulu and Tauno Turunen
himself from Sodankyli.

Helsinki, April 1989 : Matti Vallinkoski
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Abstract

Statistical inversion (SI) theory is applied to incoherent scatter (IS) error
estimation. Numerical examples are given for the EISCAT UHF radar operating
at about 933 MHz. The effects of drifts, the geomagnetic field or non-Maxwellian
velocity distributions are neglected. A general approach in linearised SI i presented
by which it is possible to determine the shortest lag extent and the longest lag
resolution in a specific experiment in order to obtain optimal results. The results
of these and the following calculations are applied to the cases when the collision
frequency is gero, Te/T; = 1 or 2 and T; = 300 K. The validity interval in ion
temperature, when all other variables are kept fixed, is determined by the scaling
properties of the IS spectra. The effect of a priori knowledge on one parameter on
the accuracies of the other parameters is solved, and it is shown that under the
conditions considered in this paper, composition can be determined to an accuracy
of 10% when the ion temperature is known to within 7%, if we can assume that the
collision frequency is zero. The effects of parameter mixing, ¢.e., the parameters
varying during integration, are shown to lead to the theory being corrected by
the second central covariances of the parameter variations coupled to the second
derivatives of the theory function. If these covariances are known exactly, then
the resulting bias can be estimated. An uncertainty in the covariances leads to
a new source of error and it is seen that the most important second moment is
that of the ion temperature which will have to be known to better than 5% if one
wants to determine composition as accurately as possible. Posteriori distributions of
difficult parameters like the ion composition are calculated in semilinear theories,
and a formula including the effects of postintegration of intermediary results to
improve statistical accuracy in the difficult parameter is presented. Finally, the ion
composition of the ionospheric plasma is determined by calculating the composition
a posteriori marginal distributions in the first alternating code experiments ever run,
using the EISCAT UHF radar.

Key words: (statistical) inversion, incoherent scatter, scattering, ionosphere,
(ionospheric) plasma, ion composition, jon temperature, collision frequency,

EISCAT
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0. Introduction

0.1. The nature of incoherent scatter Imeasurements

Incoherent scatter is radar power scattering from the electron density
fluctuations of the ionospheric plasma. This scattering is analogous to Rayleigh
scattering of sunlight by density fluctuations in the neutral atmoshere. In
incoherent scatter, the scattering mechanism is Thomson scattering, i.e., the radar
waves are scattered independently of each other. Due to the thermal velocity
distribution of the electrons, each scattered wave suffers a Doppler shift which
depends on the individual scattering. However, as is well known, the scattering
cross section is not the same as a Gaussian with a width corresponding to electron
thermal velocities, as predicted by Gordon (1958). Instead, it was found (Bowles,
1958, 1959) that the spectrum was more like two peaks with widths corresponding
to ton thermal velocities so close to the origin that there was a small dip at the
central frequency corresponding to no Doppler shift. '

‘The theory explaining the full spectra has been developed by several authors
independently. {(Dougherty and Farley, 1960; Fejer, 1960; Hagfors, 1961; Farley et
al., 1961; Dougherty and Farley, 1963; Farley, 1964; Farley, 1966; Swartz and Farley,
1979). The theory showed that under the conditions of the Bowles experiment
(radar wavelength much longer than the characteristic Debye length of the plasma),
the spectrum should in fact reflect the jon velocity distribution. The incident wave
interacts with the electrons which in turn shield the ions, so that there is a reduction
in the scattering cross section. The true incoherent scatter is only possible when the
radar wavelength is much smaller than the Debye length. Normally one sees with
the EISCAT UHF radar the typical double-humped ion line spectrum. The ion
lines are situated at the frequencies corresponding to ion-acoustic waves. They are
broadened because of Landan damping; when the electron temperature increases,
these peaks separate and become narrower, since the damping gets weaker. The
electron component is due to electron-acoustic or plasma waves. As they suffer
very little damping they appear in the spectrum as two sharp plasma resonance
lines displaced from the transmitted frequency by about the plasma frequency w,,.
A sample spectrum is shown in Fig. 1; general review articles are Evans (1969),
Beynon and Williams (1978) and Rishbeth and Williams (1985). The derivation of
the IS spectrum is sketched in Chapter 1. '

Typical examples containing the ion lines starting from the collisionless F-
region double-humped spectra down to the collision-dominated lower E-region,
where most of the spectral mass is concentrated in a single central peak, are shown
in Figures 2, which show the effects of the variation of plasma, parameters,

In incoherent scatter measurements, one usually fits a set of parameters to
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the measured autocorrelation function {ACF). The measured ACF is normally
in principle not the Fourier transform of the whole spectrum but of the filtered
spectrum which usually only comprises the ion lines; a simultaneous detection of
ion and electron components is difficult, but not impossible (see e.g. Hagen and

Behnke, 1976).

Since the theory is known, it is in priciple possible to determine these
parameters, like the electron density N, ion temperature T;, electron and ion
temperature ratio T, /7, ion-neutral collision frequencies vj, and composition
parameters ¢, or drift velocities v,.

The bulk velocity of the plasma may first be fitted on the basis of
the imaginary part of the ACF; the remaining parameters are then fitted
simultaneously. - Fitting the electron demnsity is easy, since the spectrum is
approximately linear in it. Also the ion temperature is routinely fitted, and the
temperature ratio or the collision frequency with assumptions about the value of
the temperature ratio. These parameters N; T; and T, /T; may be called ordinary
parameters, whereas the collision frequency or the ion composition are the difficult
ones. For UHF radars, the. collision frequency is so small that it may be usually
set equal to zero above 120 km, and the temperature ratio. to about one in the
region where the effects of the collision frequency may be seen. The most difficult
task is fitting the ion composition, or the fraction of the atomic oxygen in a plasma
consisting of atomic oxygen and a mixture of the molecular ions (oxygen and nitric
oxide). Usually this requires such long integration times or height integrations that
one cannot he sure how well the plasma remains stable within the limits of the
integration.

“So far, quantitative measures of estimating the inherent uncertainties have
been missing. However, with the advent of the concepts and methods of stetistical
inversion theory (Tarantola, 1987; Lehtinen, 1988; Menke, 1984), a whole new
mathematically sound framework to estimate the different kinds of uncertainties
oceurring in practice has been created. The present work applies these methods to
clarify and answer the following important questions:

a) What are the uncertainties in the fitted parameters? In other words, how
good the results can be. This and the following two questions are discussed
at length in Chapter 2 which differs from a.separate publication (Vallinkoski,
1988) by the method used to calculate the numerical results. These may differ
slightly from those in the publication.

b) What is the longest lag separation that still gives essentially the same results
as an infinitely short lag separation? In practical terms, how densely we ought

to sample an ACF to get optimal results.

¢) What is the shortest ACF that still gives essentially the same results as an
infinitely long ACF? In practical terms, how long we must sample an ACF.

d) How accurately must one know the value of one important parameter in order
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to be able to resolve another one? In practical terms, how accurately one
must know e.g. the ion temperature in order to be able to fit the composition
sufficiently accurately. Chapter 3 shows the solution to this problem. This is
a separate publication (Vallinkoski and Lehtinen, 1989a).

e) How large variation of the plasma parameters within a measuring volume
may be allowed? In practical terms, how much the ion temperature may vary
but still give reasonable resulis for the ion composition. Integration of the
data improves the statistical accuracy of the results by the square root of the
integration time, so that this is an important practical question. Chapter 4
is a separate publication (Vallinkoski and Lehtinen, 1989hb)

f) How can we postintegrate fitied results in order to get better resolution for
the difficult parameters? To do this, a whole new approach is developed in
Chapter 5. '

After this, in the last Chapter, all of these methods are applied to the first
experiment in which the ion composition is determined accurately (Haggstrom
et al, 1989) and in which one can determine the accuracy of the results. The
Chapters 5 and 6 are essentially this forthcoming publication.

All calculations in this thesis have been performed in a programming
environment known as MATLAB! using microcomputers. Finally, all of the
standard MATLAB routines used in the calculations are documented in the
Appendix. They form an integral part of a general and complete MATLAB analysis
package of IS measurements currently under development.

' A reference work is e. g. PC-MATLAB User’s Guide by The MathWorks, Inc.



1. The calculation of the incoherent scatter spectrum

1.1. General

Since the error analysis will be theoretically based on calculations done on the
spectra, it is for reference purposes useful to sketch the derivation and to write down
explicitly the expressions of the plasma spectrum as a function of its parameters in
the case of a Maxwellian plasma. Non-Maxwellian features need not be discussed,
since the error analysis will be applied to situations where the effects of departure
from Maxwellian plasmas cannot be seen.

The spectrum may be derived from the general fluctuation-dissipation
theorem of linear systems by using a generalised version the Nyquist theorem on
electrical cireuits (Nyquist, 1928; Callen and Welton, 1951; Sitenko, 1967). This
is the line followed most notably by Dougherty and Farley (1960, 1963), Farley
et al. (1961, 1966) and Farley and Swartz (1979). We start by a general linear
system with an external time harmonic force V(t) = Vee~ ™ producing a linear
response I{t) = Toe ! such that the instantaneous power dissipated by the system
is V(£)I(). Let us define a generalised admittance function ¥(w) such that

In :Y(UJ)V{] (1.1)

If the system is in a thermodynamical equilibrium at a temperature T, then there
will be even in the absence external forces spontaneous fluctuations of force and
response with spectra

w
(|V (@) = kpT Re[Z(w)](—?r~ (1.2)
. dw
(| I{w)]|* Y = kpT R.e[l’(w)]?, (1.3)
where Z = Y~ is a generalised impedance function and kp the Boltzmann

constant; w may attain also negative values. In other words: if we know the response
of a linear system to an external disturbance, the fluctuations of the undisturbed
system in equilibrium may be calculated. In this original form, the results were
applied to the transmission line noise resulting from voltage and current fluctuations
with the impedances and admittances in their usual meanings.

If the components of the system have the same temperatures, the above
equations may still be used provided Z ‘and YV are interpreted as the total
impedances and admittances of the system. In a multicomponent plasma, the
different species may have different temperatures Tj. The linearity of the system
then means that V(w) = 3, H;Vj{w), where the functions H; are the transfer
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functions of the plasma components, and the thermodynamical independence of
the subsystems then means that equation (1.2) may be written by coupling the
impedances in series:

(V@)Y = (113 ) o
= i) (14

k
= = > |H; [T Rel Z;(w))dw.
J

In a plasma, the components j are subjected to total Lorentz forces F; with
responses I; being the current densities N;u;:

The admittance function ¥; may be derived from Boltzmann equations by
linearising and integrating in the equations thus obtained over velocities
perpendicular to the scattering wave vector k. This is possible, since the velocity
distribution functions are assumed to be Maxwellian. Then we are left with an
integral which is customarily called ihe plasma dispersion function. When the
distribution functions are not Maxwellian, the integration is not straightforward,
but in some typical cases one may end up with one single integral (Raman et al.,
1981; Suvanto, 1987). When we denote u, = ue, the electron density fluctuations
in the plasma will be described by

(AN = By, e

The connection of the above formalism to the plasma spectrum is in the
equation above. According to the general theory, the spectrum 5 (k,w) in incoherent

scatter is given by
S(k,w)dw = oy sin®x (|AN,|?)dw, (1.7

where o9 = 4nr? ~ 107*® m? is the single electron radar cross section and
re = 1/4megmect = 2.8:1071% m the classical electron radius. The angle y is the
polarisation angle, and we shall restrict ourselves to the case of backscatter where
X = 7/2, so that sin?y may be replaced by 1. Then also the wave number & = dn /A
is twice the radar wave number, when X is the radar wavelength,

The transfer functions H; may after this be calculated from the Lorentz
equations, continuity equations and Maxwell’s first equation V. E = p/es. When
the admittance functions Y; are expressed in terms of the dimensionless normalised

functions y;:
Njw
Yi = BT v - (1.8)
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we have the general expression for the incoherent scatter spectrum for the simplified
case without magnetic fields or plasma drifts:

S(k,w) o Iyel® 2o miRelys] +155; piyi + K Ap[*Relye] dw

N.og (e + 5., i + kA% |2 oy (1.9)
where Ap is the electron Debye length W and
S
" N"Te (1.10)
Hi = niﬁ

for the ion species z. The expressions of the normalised admittances will be
presented in the next section, where we start from a collisionless plasma. The
morc general case of a collisional plasma with differential or global drifts will be
presented later. For the purpose of this thesis, we shall need the real and imaginary
parts of the admittances, which will be substituted in equation (1.9). The effect of
the magnetic field may be neglected as long as we are far away from perpendicularity
with the magnetic field (Farley, 1964); the most important cases in practice with the
EISCAT UHF radar are backscatter measurements along the magnetic field lines.
In the same cases, the non-Maxwellian features of the plasma velocity distribution
are not present. In short, there is not much loss of generality, when we restrict our
study to backscatter from a Maxwellian non-magnetic plasma.

1.2. Collisionless plasma

In a two-component collisionless plasma, the normalised admittance functions
of the electrons and ions are y, and y;, where

yslls) =41 — 0,G(#,)). s=e, (1.11)
The arguments §; are dimensionless variables

8; = —, (1.12)

where w; = kv; and v; is the thermal speed v; = \/(2kBTJ-/§nJ-), and G(z) the
plasma dispersion function

e / et dt. (1.13)

—t00

£
E]
I
=
o
|
+
| )
-]
|
&
h
[&)
"bﬂ-k
2
Il

The value of G at origin is G(0) = 74/, and for smnall values of the argument
: G(z) >~ i/7 + 2z, Asymptotically, G(2) & 1/z 4+ 1/22° for large values of |z| with
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Imz < 0. The name plasma dispersion function is also applied to the function Z(z)
tabulated by Fried and Conte (1961), which is related to G by G(z) = Z(~2).

By substituting (1.13) into (1.11), we have the alternative form
Ys(8) = B, /me ™% +i(1 — 28,1{8,)), (1.14)

where I is the Dawson integral I{a) = e’ fox e’ dt. The admittance function y(w)
may be obtained by calculating the total plasma impedance z = 1/y by connecting
the partial impedances z, in series. For the electrons, ze = 1/y.; the ion impedance
z; includes an interaction term: z; = 1/(y; + 1k%2)%), and hence

1 1 1 : .
o, 1.15
v v R (1.15)

from which it is possible to calculate Rely(w)], when T, = T;:

lyel?Relys] + |yi + ik A *Rely.]

Re[y(w)] = Ve T s V0L (1.16)
For a collisionless plasma (z.¢., for real w), we always have
Re[ys] = 8,v/me ™" = 8,ImG(8,)
Imfy,] =1 — 8,ReG(8;) | (1.17)

=1-20,1,.

In numerical caleulations, both the real and imaginary parts of the plasma
dispersion function will have to be calculated. When w is real, one may directly
substitute (1.17) into (1.16).

Near the ion line, 0 £ 8; < 3, 8. € 8;, y. =, and equation (1.16) will go over

to
Relyi]

i ye + ik
When w — 0, y, — #; in the limit w — 0, Re{y(8,)] ~ §; = w/w,, so that S(k,0) is
finite. It is, however, essential to note that the value of the spectrum for w = 0 has
to be calculated separately, since y(0) is purely imaginary:

Refy(w)] =

(1.18)

14820
y(0) = 3—2 n kz)\%. (1.19)
When the ion and electron temperatures are equal, T, = T;, we have
k,0)dw = e —(1+ kA ————)—. (1.2
5k, 0) (2 + k22%) (w,f 1/ImG(0) * wc( TEAD) 1/ImG(0)) by (1:20)

The total scattering cross section oy is obta.in_ed by integrating w over the whole
real axis. The integral may then be extended over the whole lower half plane, since



8 1, The calculation of the incoherent scatter spectrum

the plasma is stable so that there will be no singularities within the integration
path. The remaining principal value integral will give the residue at the origin
w = 0, from which an ‘optical theorem’ follows:

Tiot = NeagIm[y(U)]
14+ k2)%, . (1.21)

= Neoog e

It may be noted that in the long wavelength limit, X — 0 (the usual radar situation),
and we have o, = %Neorg. In the short wavelength limit, ¥ — oo, and we have
oot = Neog which is the cross section of free non-interacting electrons. (This was
the original idea of truly incoherent scatter, and the early planning of the Arecibo
Observatory was based on this assumption.)

Since the plasma scattering cross section is a measure of the energy scattered,
it may be argued that the fotel cross section does not depend on the magnetic
field (which does no work) or the collisions (which only redistribute the energy into
different frequencies). It may indeed be shown {Farley et el., 1961; Dougherty and
Farley, 1963) that for T, = T;, the total cross section will be independent of the
magnetic field and of the collisions.

If there are several species of ions in the plasma at the same temperatures
T; = T,, the ion admittance y; will by linearity be replaced by the sum

vi = > mivi (1.22)

where 1; = N;/N, is the relative abundance of ion species 2. We have the first
result: for T, = T, the admittance function of the collisionless plasma is given by

[vel® 3os miRelys] + 137 niyi +ik?Ap[* Refye]
|ye + E Y + 1k2Z)\2 I?'

Refy(w)] = (1.23)

The total cross section is still given by (1.21).

When the electron and ion temperatures are different, the Nyquist theorem
can still be applied without difficulty. When we denote u = T, /T;, one obtains in
the case of one ion species

(el*Relys] + |pyi + k2 A% |2 Re[ye]

R —
elylw)] = [ye + pyi + k2L |2

(1.24)

If there are more 1ons at different temperatures 7;, one has to make the replacement

y,, N, y; - Yi
Z =D i (1.25)

so that the general expression for the admittance function of a collisionless plasma
is given by ‘

[* XamiRely] + |3 payi + k2 Ap|*Relye]
|Ye + 2 pays + EIAG|?

Re[y(w)] = 2 (1.26)
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‘The total cross section may only be obtained by a numerical integration,
since (1.26) differs from the real part of an analytic function by terms which are
proportional to (1 — T /T;). For values 1 < T,/T; < 4, an often quoted good
approximation for one ion species is

Tiat _ k?)ki'D + 1
Neog — 1+k2X%, " (1 + k201 +T/T; + k205

(1.27)
given first by Buneman (1962).

For w = 0, one obtains an exact result. When all ion temperatures are equal,
the result may be written in the form

NO’(}

Sk, Oy = FRL)

w1 1 T L yde (1.28)
(Zw 1/ImG(0 )+_8(T, +EXD )21/1 G(O))

which will be of the same type as in the collisional case.

1.3. Collisional plasma

In the previous sections, the collisions between neutral molecules and electrons
or lons were neglected. The small-angle collisions hetween charged particles need
not be taken into account, since the mean free path of the ions and electrons
will be larger than the radar wavelength; see Farley (1964a,b). They would affect
the gyroresonances, but this effect is only significant when the wave vector is
nearly perpendicular to the magnetic field. On the other hand, the effect of the
collisions cannot be neglected in the lower ionosphere, This effect is described by a
suitably defined phenomenological parameter v. The normal relaxation substitution
w — w —1tv will be true, but also the admittance functions will have to be modified,
not only their arguments (otherwise the admittances would become singular for
zero frequency). Physically, the pure relaxation approximation in the Boltzmann
equation is not enough, since the particle number will no longer be locally conserved.
Since the charge-neutral collisions are elastic, they can only affect the distribution
of particles in velocity space. The relaxation approximation should therefore not be
used in connection with density fluctuations. Instead, one needs a kinetic equation
which also conserves particles locally. This is called the BGK approximation
(Bhatnagar et al., 1954). It does not, however, conserve energy or momentum; a
modification of I;h(, collision term to do this leads to corrections which are negligible
for small collision frequencies and UHF radars above about 100 km (Grassmann,
1988). The main results of this thesis will be applied to precisely this region for
this radar, so that we can safely use the BGK collision term.

The effect of the collisions is then to identify the collision frequencies v, with
the imaginary parts of Doppler frequencies wy, so that the variables 6, will be
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replaced by ‘
W — iV

=0, — i, =0, (1.29)

g, —
ws

The admittances y, will be functions of the complex variables #, so that

, A — J(6,)
ys(\gs) — Y (83)_Z+981“¢3J(6L)’ (1.30)
where the function J is defined by
J(6.) = J(0, — ithy) = —iG(B, — itp,) = —iG(6'). (1.31)

Again, ¢ is the plasma dispersion function (1.13) with a complex argument. If the
magnetic field was included, J would be a so-called normalised Gordeyev integral.
It is again true that y'(w = 0) = 1, because J is purely real and positive:

J(—ip) = 2¢¥ / et dt. (1.32)
P .

In principle, the value of the spectrum at origin has to be calculated separately
again. For that purpose, the admittances have to be developed in a Taylor series
with §, around the origin. The derivative is

3y 1
—_— = — 1.
05 |9 —g 1/As— s’ (1.33)
where 4, = J(—1%,) = ImG{—23),) is the integral (1.32). Then
~et§ ! (1.34)
Ys =2 81/1‘13"“'(!)31 .

and the result for the value of the spectrum at origin is for equal ion temperatures
T

NeJO
SO = 7+

(P L+ —(F D ) =

~wi 1/Ai = we T 1/Ae =%’ =

The admittances will be expressed in terms of 1, € and the real and imaginary parts
of the plasma dispersion function; the values of the plasma dispersion function will
have to be calculated numerically. A standard method in the analysis packages
used in Finland (e.g. in the University of Oulu) is to write G, = ReG(8, — i9,)
and G; = ImG(#, — i7,) and use as a starting point in the programs the following

resulés: 0.(G: — |G
Re[ys(‘g;)] = (1 —szlb::Gi)zs—i— $2G2 (1.36)
Im[y.(6,)) =1 — b.G+ (1.37)

(1 —hsGi)? +2GE
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where the arguments of the plasma dispersion furiction have been suppressed.

[f the plasma as a whole moves with respect to the observer or if its
components move relative to each other, the velocity distributions will be shifted by
 the amount of the drift velocities v,. The sole effect of this is that the frequencies
w in the denominators of equation ( 1.9) will have to be replaced by

w—w =w-k v, (1.38)

and the the ratios Re[y,]/w replaced by

Re[y,] . Rely.(8,)]

w w-—k-v,

(1.39)

where #; = w' /w,. If all velocitics v, are equal to vg, the whole spectrum will be
shifted, and will no longer be symmetrical with respect to the origin. Then the
plasma ACF will develop a complex phase which is just ezp(ik - v4 t).

'To summarise: the general expression for a Maxwellian plasma with arbitrary
drifts and temperatures is

h o * . R .
S(k,w)dw =Ne_o-0(|ye|2 Z?hwR_(_[y]H + |me 4 zk_z/\zblzw —cl[:.f.] )

—k- V,‘ Ve
(1.40)
. T dw
[Ye + 3, iy + k2252 =
where the summation is over the ion species ¢
= N gy
;= LA
N, é?
' 1.41
o (1.41)
,U.., I ’I;

and ¢; is the charge of the ion species . The admittances y, for an unmagnetised
plasma are defined by Equations (1.29)-(1.31). The above form is also valid
for multiply ionised or negative ions. The actual computation of the incoherent
scatter spectrumn is documented in the Appendix. It is also seen that by virtue of
Eq. (1.30), it is actually not necessary to calculate the value of the spectrum at
origin separately.



2. Parameter estimation uncertainties in linear statistical inversion

2.1. Introduction

The behaviour of estimation errors in fitting theoretical ACFs obtained by
Fourier transforming the speetra to a set of measured ACF lag values can be studied
theoretically by supposing that the errors are so small that the variation of the
plasma spectrum or autocotrclation function with respect to the plasma parameters
can be approximated by using the first partial derivatives of the theoretical spectra.
Then, by using Bayesian parameter estimation in the inversion theoretical approach
(Box and Tiao, 1973; Tarantola and Valette, 1982a, 1982b; Menke, 1984; Tarantola,
1987 and references therein; Lelitinen, 1988), the estimation errors can be calculated
as linearised a posterior: crrors. These errors coinecide with the errors of the
correctly weighted least squares estimator (Tarantola, 1987, Section 4; Lehtinen,
1988). We shall call this approach simply the statistical inversion method.

The variation of different plasina parameters may give rise to quite similar
changes in the theorctical speetruny e.g. the width of the spectrum for fixed T, /T;
is proportional to /T;/my;, where iy is the lon mass, so it is very difficult to tell
the difference between an inerease in the ion temperature and a decrease in the ion
mass. Also, when there is more than one ion species present, it 1s difficult to see
the difference hetween changes in ion composition and the temperature ratio T, /T;
for some 1on nuxtures.

In Section 2, we present the general inversion theoretical formalism. In
Section 3, we treat the special case of a linear theory; in Section 4, we present
the linear theory of IS measurements. In Section 5, we present some results of the
calculations done for the EISCAT UHF radar, applied to those regions of the E-
and F-layers where the effect of collisions 1s unimportant.

Since the inversion theovetical approach makes it possible to estimate the
probable errors in fitting any number of parameters in a unified manner, the errors
associated with all possible parameter fitting combinations will be determined ¢}
without prior information on the parameters 1) with a 10% a priori accuracy for
the ion temperature. The possibilities to determine the ion composition sufficiently

-accurately will be briefly discussed. Then we study the effects of varying the lag
resolution and the lag extent of the ACF, i.e., the sampling interval and the longest
lag used in sampling the known theoretical ACF, for two important multiparameter
fits and study how much the lag resolution requirement is affected, when we do not
use the zero lag data in the fits. These results will be used to determine the stable
ion temperature intervals for the 3- and 5-parameter fits in a specific experiment.
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2.2. The inversion theoretical approach

Let us in all generality suppose that the theory of some phenomenon is
describable in terms of a single function f depending on a set of parameters
r = (z1,...,25)7, where T denotes the transpose. In incoherent scatter theory,
this function is the spectrum or its Fourier transform, the ACF. The vector = may
for a fixed wavelength in the absence of drifts and magnetic field be given as

it :(f\re,Tg, Tc/Tisvi'mp)Tﬂ . (21)

where p is the fractional density of the second positive jon, when there are only two
ion species. For a given sct of ionospheric parameters, the ACF uniquely decribes
the incoherent scattering. ' '

The result of a measurement is deseribed by a random variable, the vector
m = (Mmq,...m MJT of measured data points., In IS mesurements, m consists
of the values of the ACF at different lags or those of the spectrum at different
frequencies. Usually, we suppose that the measurements are corrupted by noise,
i.e., the measurement m depends on the parameter  and the theory f through the
vector equation '

m = f(z) +e, (2.2)

where € is a Gaussian zero-mean measurement noise vector with covariance matrix
L given by the expectation value {e). In the most general case, € and thus ¥,
may depend on z. (Non-zero mean would indicate a bias; in most practical cases,
the errors may well be approximated by Gaussians.) The diagonal elements of ¥,
~are the measurement variances o? and the non-diagonal elements o; j are given by
0i0;p;; where p;; is the the correlation coefficient of the measurement errors.

In the direct theory, we suppose that we know the parameter values z. The
application of the function f on # then predicts the values of a measurement m
according to (2.2} where the errors € are supposed to have a known probability
distribution. In inversion theory, the measured values 7 and the distribution of
the errors € are known from the experiment, and we want to snvert (2.2} in order to
obtain the values of the unknown parameters z in this particular experiment. (We
use T to distinguish the value of the random variable m in a particular realisation
from the variable itself.) ‘

Let us suppose that we have some @ priori informafion about certain
parameters. This may be represented by the a priori probability distribution
Dye(z); e.g. it may be that N, is known to be 10" m~® with a 1% standard
error, obtained by some independent measurement like a simultaneous plasma line
mesurement or from a similar experiment under similar conditions. The a posteriori
knowledge may subsequently be used as a priori knowledge in another experiment.
In practice, some a priori knowledge is always inserted into the analysis (programs),
and it is certainly not at all clear what kind of a priori assumptions are built in
into the existing IS analysis packages. '
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When both x and m are considered as random variables with distributions
D{(z) and D(m) and with a joint probability distribution D(=z, m}, Bayes’ theorem
(Bayes, 1763; 1958) for conditional probabilities may be written as

D{(a|m)D(mn) = D(x,m) = D(m|z)D{(x). (2.3)

The a priori distribution D,,(2) is then defined as Dy, = f D(z,m)dm, and
the a posteriors probability distribution for the parameters z is the conditional
probability distribution

D,(x) = D(xjm) = Co Dp(2)D{mjz), (2.4)

for the parameter vector a: given the measurement results m. The normalisation
constant C' = Cy = 1/ [ D(x,m)dx is independent of z; we shall use the same
letter C for all normalisation constants in this paper, since their actual values are
irrelevant.

The transition densitics D{m]x} ave the conditional probability densities of
the measurements supposing that the parameters x ave known. In the classical
Fisher terminology (Fisher, 1922), the transition densities may be called likelihood
funetions.

In order to calculate the a posterior: densities, one has to know the transition
densities. Fixing @, we see that m is Gaussian with mean f(z) and covariance
matrix 3,,. Hence the general expression for the transition density is the conditional
probability density for obtaining a measurement result m given

1

D(m|z) =
) =

r:‘.:t:p(—%(n'r. — fNTS m — f(2))) (2.5)

where M is the number of components of the vector m and |Z,,| the determinant
of the measurement error covariance operator L,,. Therefore, the unnormalised a
posteriori distribution for having a parameter vector 2, given measured values 777 is

D,(2) = D(z|m} = CD,(x )e:::p(—%(f(ﬂ:) ~m)T 2N (f(z) - ™)) (2.6)

The a posteriori distribution as a function of 2 may in principle be calculated from
(2.6). In the gencral nonlincar case, T, is a function of z. If the a priori distribution
is uniform, the a posteriori distribution is maximised when the function

(F() — ) TSN ) — ) (2.7)

is minimised, and this point gives the tie maximum likelihood estimate for the
parameter values &, when ¢ does not depend on @. If € depends on 2, the covariance
matrix and hence the determinant |E,, | in (2.5) will depend on 2, and the maximum
likelihood point will not necessarily be the minimum of ((2.7)).
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The second moments of the a posteriori distribution are the a posteriori
varlances, and represent the measurement errors. In practice, a straightforward
calculation of the full a posteriori distribution to a satisfactory degree of precision
is a prohibitive task. One can instead study marginal distributions, which are
obtained by integrating the full distribution over a chosen set of parameters. The
marginal distributions arc then functions of the remaining variables. Conclusions
about the behaviour of the distribution can be drawn also from these projections.
Normally, only those points- where the one-dimensional marginal distributions
attain their maxima, are given. If these maxima are not steep, valuable information
is easily lost by giving just one point instead of the confidence intervals, within which
most of the probability mass is concentrated. '

2.3. General linear theory

In the general inversion approach, a particularly useful case is linear theory
with Gaussian errors, since the expression of the a posteriori distribution can be
written analytically. Equation (2.2) is replaced by the matiix equation

o= Ax + e, : (2.8)

where the transition densitics are obtained from (2.5) by just replacing f(z) by Az.
The a priori distributions are supposed to be Gaussian with centre points @y and
error covariance matrix Sy: : ' '

Dy (2)=Ceap(—

_(.1: — :::U')TED-I(::: — II,‘.D.)); ' _ .. (2.9)

LI e

Here the point zq represents the value of the variable z obtained by some
independent (e.g. previous or simultaneous measurement) and the error covariance
matrix Xy contains the associated a priori variances.

The a priori errors may well be taken to be Gaussian. In many cases, this
simplifies calculations, and serves at least as an approximation. If we have no a
priori knowledge about the parameters, D, may be taken constant, in which case
S5 ' is a zero matrix. In a similar way, when the a priori distribution is non-
informative, i.e.very broad compared with the second factor in (2.6), it affects the
a posteriori distribution hardly at all. If it is very narrow, then it is essentially the
a priori distribution which determines the accuracy, and the measurement does not

add much information.
In the general Gaussian case, by combining the the two exponential factors in

(2.6) into a perfect square, it is readily seen that the a posteriori distribution is of
the standard Gaussian form

Dy(2) = Ccn:p(—%(:v — %) Qx — To)), (2.10)
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where the matrix () is given by
_ v —I Te—1 .
Q=S+ ATS A (2.11)

and the centre point vector ¥, is both the maximum likelihood point x s and
the mean value of the posteriori distribution. The centre point is defined by the
equation

OFp = 53020 +ATS T Im, | (212)

We now define the misfit function to be the the siun of the two exponential factors
considered above. The sium may he written into the form

S5(2) = (2 = F) Q2 — Fo) + S(To) (2.13)

where we have used the fact that the term linear in @ vanishes at the maximum
likelihood point T, The factor cap( ——%S(Tu }} was absorbed into the constant € in
(2.10). '

The vector ™M represents the measured values. The matrix @ is usually
called the Fisher information matrix, if the a priori distribution 1s uniform. If
the measurement errors are uncorrelated, £,, is diagonal, and the misfit function
is in this case the familiar y? function, which is proportional to the residual of the
fit. The mininmm of the 2 funection gives the maximum likelihood point. If the a
priori probability distribution is nniforin, then in the case of uncorrelated Gaussian
errors the point Ty may be obtained simply by multiplying the measured values by
the pseudoinverse of the matrix A, and will therefore be independent of the actual
value of the me: v-.uwnlmlf CITOT Varlaces,

If there are more independent measurements my;, then each measurement
adds a contribution :‘1,-[ S,-_'A,- to the information matrix, and the position of the
maximum likelihood point will in general be shifted.

The second moments of the a posteriori distribution representing the
uncertainties in the parameter estimates o are also variances o3 of the a posteriori
distribution. In the linear theory, these variances are simply the diagonal elements
of the inverse of tlie Fisher information matrix @ from (2.11), ¢2 = (@)
Since @ does not depend on the measured values 7, this means that in a linear
theory, one can predict the errors in an experiment, when one only knows the direct
theory (represented by the matrix A}, the measurement variances and the a priori
distribution D,,,.. We tlius see that while the position of the maximum likelihood
point may turn out to he independent of the actual values of the measmement
accuracy, its uncertainty will not.

One arrives at a lincar theory quite naturally by linearising a nonlinear theory.
One has to assume that the hehaviour of the theory function f is sufficiently well
approximated in the ncighbowrhood of some point xg by using the first partial
derivatives only:

. e}
flag + Ax) = flag) + Z T’{{Amé. {2.14)
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The columns A; of the mafrix A in (2.8) are therefore in the linear thedry the
partial derivatives of f with respect to the varying parameters x;:

_ 97
o Oy
The point 2y is taken to be the fitted solution of the measurement, and in order

to estimate the errors associated with this measurement, we have to develop the
function f around this point.

A; (2.15)

In the direct theory, the uncertainties in the parameter values 2 will be
reflected in the uncertaintics of the measured data as Af = 2. (8f[0zy) Az
In the inverse theory, we want to study the propagation of the measurement
uncertainties due to the noise € to the parameter values z inferred. This is the
content of (2.10). We shall illustrate this in a trivial case. When we take both
x and m to be one-dimensional, we sce from (2.14) that when the measurement
variance is 0%, the uncertainty in @ will be given by the inverse relation

Az = 2. | (2.16)
af

iz

In the case of no prior information, o2 = (Az)™? equals Q = ATS:1 4 for one
vartable with 4 given by (2.15) gives just (2.16). In a more general case, the full
matrix equations (2.11) have to he nsed.

We may also note the intuitively obvious fact that when the theory function
f is insensitive to changes in some paramecter, it is to he expected that the
corresponding error in the paramcter estimate is not small.

2.4. The linear theory of IS measurements

The results presented in the previous sections will be applied to the linearised
classical theory of incoherent scatter. For simplicity, we exclude the drifts and the
effects of the magnetic field. Therefore, we have a symmetric spectrum and a, purely

real ACPF. '

We suppose that the analysis is made by fitting a theoretical ACF, depending
on a number of parameters, to the measured set of lags which may or may not
contain the zero lag. By the ACF we mean the Fowier transform of the spectrum
consisting of the ton component. We also suppose that we are considering an
essentially collision-free plasma, so that in a single-ion plasma, the ACF is a smaoth
function having a first zero at about the time corresponding to the ion-acoustic
velocity.

In order to facilitate data handling in the subsequent calculations, we shall
use dimensionles vartables of the order of unity only. This is possible, since the
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theory is linear. Suppose first that there is only one ion species with mass m;
and temperature T; present. We fiz the frequency scale wy to be the ion angular
Doppler frequency
2kpT;
wy = kyf =2 (2.17)

my

where k 1s the scattering wave number and kp the Boltzinann constant. For T, = Tj,
this is the ion—acoustic frequency. The collision frequencies are to be expressed in
units of vy = wy /27,

Let us denote the natural time scale of the ACF by 7¢. This should be
approximately equal to 7/2wy, which is the position of the first zero in the ACF
for a spectrum where there are only two delta peaks at the frequencies w = dwg,
corresponding to a pure one-ion case with no Landaw damping. Therefore, we define
the time scale by using the value

To = 7"/'2‘»0'(1 (2.18)

even for T,#T; and the cases where there are more ion species present. We may
require that the ion with mass 2, dominates in order to have a truly natural fixed
time scale.

We normalise the electron density scale Ny and the ion temperature scale Ty
to the fitted values of the variables. Then the parameter vector « in (2.1) will
actually be

w = (N Ny, Ti) Ty, T/ Ti vin /0, P) (2.19)

where we now have fixed my to be the molecular ion with mass 30.5 u (a mixture
of 26% OF and 75% NOT), and the second ion to be Ot with mass 16 u, so that
p is the fractional oxygen content N(O1)/N, of the plasma.

We scale the spectrun STk, w) to the expression

| Sk, w)mwy (2.20)

: Ny,
where g = 47r% was defined in the previous Chapter. Similarly, we know that
for T./T; = 1 the integral over w of this expression over the whole spectrum
(including the electron component with the plasma lines) should be equal to
-;—(1 +k*X%) /(24 k2 )0%), independently of the collision frequency and the magnetic
field. This integral also represents the total scattered power. Therefore, we fiz the
ACF scale «(0), the value at zero lag to the constant value 1 '

]

Our aim is to study the fitted parameter uncertainties, resulting from the
noise in the measured lag values. Owr interest is in those cases where the signal
1s weak and the dominant noise is white noise; for a strong signal, the following
assumptions may not be valid. We suppose that different lags are uncorrelated and
that they have equal variances, although the zero lag estimate has in principle twice
the variance of other lagged product estimates. In multipulse experiments, the zero
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lag only has a variance usually different from the other lags and is often not used at
all (see also Lehtinen and Huuskonen, 1986). Nevertheless, we assume for simplicity
that measurement error covariance matrix ¥,, will be diagonal and a multiple of
the unit matrix, %, = ¢?1. This is more or less true in multipulse or alternating
code (Lehtinen and Haggstrom, 1987) experiments. The use of a single parameter
for the measurement variances is not a serious limitation. It is at least intuitively
clear that the final error estimates will be between the two obtained by using the
smallest and largest values for the variances. When there is no prior information,
one has to calculate the error table only once and scale the results according to the
true value of o,

When X, = 0?1, the elements of the Fisher information matrix ) are given
by the expression ' :

1 Of OF
Qij== E:E:Ta_% (2.21)

and it is easily seen that ¢? is a function of the lag length dr. From a physical
point of view, it is clear that after some point, decreasing the lag length does not
add any new information, and so the information matrix Q@ will be essentially the
same. Writing the defining sum in (2.21) in the form

1 af of
—___(J'gd‘.l' j%g %'Bm—:‘d?’ | (2.22)

we see immediately that o?dr will have to be a constant, since the sums are
Riemann’s sums approximating the integrals

* of 8
-—f—fdr. (2.23)
o Oz Oz; .
Since the ACF is a symmetric function, we can extend the integrals over all times
from ~oco to 0o, provided the the variance of the zero lag is twice the variance of
the other lags, as noted in the previous paragraph.

The fact that ¢? ~ 1/dr may be understood in the following way. In order to
obtain the same information matrix with different (but sufficiently small) lag lengths
dr, let us consider dr = ndr’, where n is an integer. Then each term in (2.22) will
be replaced by a sum of n terms, which by continuity are all approximately equal
and give n times the original term. Therefore, the new variance ¢'? has to be no?.
This amounts to replacing one term by a sum of terms and taking their average.
On the other hand, the variance of this sample average over the original lag length
dr is of course 0% /n = ¢% and hence remains constent. In a particular experiment,
i.c., for a given fixed dr, this constant can be identified as half the variance of the
ACF zero lag estimate, or half the variance of the power profile estimates.

When we denote the number of lags to the first zero by N, = 75 /dr, we have
the result that % ~ N.. Since the maximum value of the ACF is a(0), proportional
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to the total scattered power of the plasma, a natural definition for the ACF noise
level 7, square root of the average relative variance per unit time delay, is given by

2 a*
= — ' 2.24
7= @(0)2N, - (2.24)
and it must be emphasized that this definition is valid only if the lag measurement
errors are independent. We use a(0) = 7 and fix v to be 7=0.01, and use the
resulting value for ¢ throughout. This choice of 44 will ensure that the uncertainty

"in the electron density when fitted alone will be conveniently about one per cent.

The true measurement noise ¢ is often derived from the signal-to-noise ratio
(SNR) of the measurement, and will be different in each individual experiment.
When the SNR« 1, the variance of a simple short-pulse power profile estimate is
equal to (Lehtinen, 1986) '

o2 = ¢(0)%(SNR)~2/Np, | (2.25)

where Ng is the number of repetitions of the radar pulse in the experiment.
Increasing Npg, which is often called integration, improves the statistical accuracy
of the estimate. If the SNR. is not small, the effects of clutter would have to be
included.

Similarly, in a multipulse experiment, the ACF lag estimates have the
variances

o’ = %a({))?(SNR)-?/NR (2.26)

where SNR now refers to a single-pulse SNR« 1.

2.5. Results of calculations

In this Section, we present results of calculations to illustrate the power of the
statistical inversion methods. However, the presentation will be complete enough to
allow the use of these results in the planning of those E- and F-region experiments
where the collision frequencies can be neglected, and in the analysis of the error bars
obtained in the experiments. The calculations are documented in Appendix. In the
evaluation of an actual experiment, one may use the true measurement variances
obtained as the diagonal elements of the measurement error covariance matrix £,
in order to obtain the true parameter estimate errors.

We study the cases where the time scaleis o = 99.3 pus = 100 us, and the value
of (kAp)?, where Ap is the Debye length, is 0.022 or 0.044, the collision frequency
zero and O content 30%. This is the case for the EISCAT UHF radar backscatter
with frequency 933.5 MHz, electron density 10" m™ and ion temperature 300 K.
(This may not be the most general realistic case, but we use it here as an example.)
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The temperature ratio e /T; is taken to be either 1 or 2. (The position of the true
zero of the ACF is about 1.17 for T,/T; = 1 and 0.97¢ for T,/T; = 2.) In the
calculations, we have taken N, = 10, which means that dr ~10 us, and used 60
lags for the calculation of the ACFs. The complete error tables are presented for
the case T, /T; = 1 only.

The positive pa,fts of the spectra are shown in Fig. 3 for T,/T; = 1 and
T./T; = 2. The corresponding ACFs are shown in Fig. 4, and the partial derivatives
with respect to the five variables included in the theory in Figs. 5a and 5b.

‘As the errors of a parameter x; will be estimated to be equal to the square
roots of the a posteriori variances o7, the remaining task is to calculate the inverse
of @ from (2.11). Let the number of measured lags be M and let the number of
variable parameters be n. Then all we need is the partial derivative matrix A, an
M xn matrix from (2.15); the matrices AT 14 and @ will be nxn —matrices.
The dimensions of @ used will vary from a minimum 1x1 (one-parameter fits)
to the maximum 5x5 (five-parameter fit), but we need to calculate the matrix A

only once. For the vector @ = (1,1,1,0,0.3)T considered here, the full 5x5 matrix
ATE-1 A is equal to

0.3707 -1.3173 —3.1882  0.0185 —0.8660
-1.3173 1.8637 1.7567 —0.1807 1.2644
10° | —3.1882 1.7567  2.7007 —0.1852 1.1218 |, (2.27)
0.0186 —0.1807 -0.1852 0.0411 —0.1040 '
-.8660 1.2644 1.1218 ~-0.1040 0.8768

and all the other matrices needed will be submatrices of (2.27). The a posteriori
covariance matrices are inverses of the submatrices of (2.27) when there is no a
priori information; when e.g. T; is known with a 10% accuracy, one has to add the
number (0.1)72 = 100 to the (2,2) element of (2.27) in order to obtain Q. The a
posteriori covariance matrix of the 3-parameter fit of N,, T;, T /T; is equal to

0.0012 —0.0013  0.0023
—0.0013  0.0028 —0.0033 |, (2.28)
0.0023 —0.0033  0.0052

and the full 5-parameter fit a posteriori covariance matrix equal to

0.0863  0.0002  0.1645 05506 -—0.0602\

0.0002  0.6482 —0.0457 0.6113 —0.8036

0.1645 —0.0457  0.3177 1.0081 —0.0585 (2.29)

0.5506  0.6113 1.0081  4.1270 -1.1380 '
—0.0602 —-0.8036 —0.0885 —1.1380  1.0404

with the variances o on the diagonals and parameter estimate error correlations
pij included in the off-diagonal elements as o;0;pij. For example, the correlation
coefficient between T; and p is noticeably high, about —0.98, as expected. The full
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correlation matrix constructed from (2.29) is

1.0060  0.0007  0.9935  0.9229 -0.2008
(0.0007 1.0000 -0.1008  0.3738 -—0.9785
0.9935 —0.1008 1.0000  0.8803 -—0.1018 |. (2.30)
0.9229 03738  0.8803 1.0000 —0.5492
-0.2008 -0.9785 -—-0.1018 -0.5492  1.0000

The errors obtained are shown in Tables 1 and 2 for all possible parameter
combinations of the 5 paramcters, keeping a subset fixed, denoted by the dashes.
In each table, the first five cohunns give the predicted absolute errors of the scaled
variables. In Table 1, there is no a priori information on the parameters. As is
seen, fixing T} in the §-parameter fit makes the resulting 4~parameter composition
fit error much smaller while leaving the other errors practically speaking the same.
In Table 2, it is supposed that the ion temperature is known to be Tp with a
10% accuracy (also those cases where it is supposed that T; is known exactly are
included; they of course duplicate the corresponding lines in Table 1). The result
is almost equal to the previous case: knowing the ion temperature to less than 10%
leads to about the same ervors in the composition multiparameter fits.

The last column gives for each case the logarithm of the condition number
of Fisher information matrix ). The condition number may be defined as the
ratio of the square roots of the largest and smallest cigenvalues of the matrix @
(Golub and Van Loan, 1983). It is a measure of the stability of the solutions of
linear equations Az = y; an upper bound on the relative solution error Az/x in
solving for x by inverting A is equal to the condition number times the relative
data error Ay/y. Thus the larger the condition number is, the larger the relative
solution error may be. In the decomposition @ = OA207T, where O is an orthogonal
matrix and A% a diagonal matrix with non-negative diagonal elements A3, ..., %,
where the values A? are the eigenvalues of () and the rows of O its orthogonal
eigenvectors, the condition number is the ratio Ay42 /Amin. In this orthogonal basis,
the equiprobability surfaces of the a posteriori distribution (2.10) are ellipsoids
whose semiaxes are proportional to the inverses of A;. Therefore, the condition
number also measures the degree of oblateness of the a posterion ellipsoids, and
the larger the condition number, the more oblate (degenerate) the ellipsoid 1s and
the closer @ is to a singular matrix.

Table 1 may be used in an actual experiment planning and evaluation as a
quick-look table by mmltiplying the entries of the table by the ratio v/v,, where
v is the true value of the ACF noise level caleulated from (2.24). Table 1 was
calculated assuming the noise level to be equal to 1%. The resulting error in the
electron density estimate is then about 1.4%, and this is the statistical accuracy
scale of the power profile measurcments used here. The usual thumb rule is that the
statistical accuracy ot the power profile measurements is the same as the accuracy
of the electron density estimate and half of the accuracy of the estimates for T} and
T, (Rishbeth and Williams, 1985).

Fitting the composition and the temperature at the same time in any of the
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multiparameter fits leads to relative errors which are of the order of 100% or more.
Therefore, the power profiles have to be known to an accuracy which is an order of
magnitude better than about one per cent used in the previous calculations in order
to be able to fit the composition to a satisfactory degree of accuracy. This may be
achieved by integrating the data long enough. Alternatively, the ion temperature T
may be known with an accuracy of at least 10%. The result of knowing T} with this
accuracy may be seen in Table 2. We see that the relative errors are still large, up
to about 50%, except in the 5-parameter fit, where the error is almost 100%. It is
important to note that in this case only a modest integration in time is necessary to
bring the composition fit errors down to reasonable values. All of this is qualitatively
well known among the pundits of incoherent scatter measurements. However, we
have shown the existence of a quantitative tool to calculate and compare the errors
for all possible parameter combinations in a given experiment, and we can say that
these calculations show that a multiparameter composition fit is possible at least
when the ionosphere is reasonably stable.

A comparison with real experiments shows that the errors reported by one
of the standard analysis packages tend to be about 25% higher than the values
obtained by the inversion method estimate (Huuskonen, 1987).

There are two questions of practical importance which will have to be
answered separately by studying the behaviours of the theoretical ACFs for the
given parameter vector a described above. The first one is: what is the poorest
lag resolution drp,. which still gives the same ervor bars as an infinitely good lag
resolution (when the the lag extent A7 is kept fixed)? The second question is:
what is the shortest lag extent Arp,;, which still gives us the same error bars as
an infinitely long lag extent (when the lag resolution dr is kept fixed)? It is known
that already in the case of an infinitely long and dense sampling of the ACF, the
inversion problem for the plasma parameters is rather unstable. It is therefore
evident that by choosing in a specific experiment either too coarse a lag resolution
or too short a lag extent, this instability may become worse and lead to a radical
increase in the errors for some lag resolution and lag extent values. The absolute
values of the errors are not important, but rather the stability intervals of the fits.
In the former case, the sampling interval for which the errors become unstable is
the analogue of the Nyqvist frequency for the particular fit considered. We can
therefore expect that the instability occurs at the latest when the sampling interval
d7t approximately equals 4.

We form the error estimates from our basic ACFEF by sampling it at multiples
of the basic sampling interval 0.1 79 up to lag 679; for practical purposes, this
corresponds to an infinitely dense and long sampling of the ACF. We first plot
the behaviour of the errors as a function of the lag resolution, but keeping the
maximum lag fixed at about 67y. Adding more lags only adds very small terms to
the information matrix, but has no visible effect on the results.

Figure b shows that without the zero lag data, even sampling at 0.7—~0.8 74 is
adequate from the point of view of the stability of the errors. In Figures 6a and 6b,
T./T; = 2. This has the effect of requiring a lag resolution of at least 0.6 — 0.7 7,.
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In Figures 7a and 7h, and similarly in Figures 8a and 8b, the §—parameter fit is
considered. The effect of using the zero lag data is clearly seen here. However, we
may note that it is the collision frequency which is most sensitive to zero lag data.
All the other parameter errors start growing at about 0.47j. In the composition
fits, one may in most cases set the collision frequency equal to zero and fit the four
remaining parameters. If one does use the zero lag data, then sampling at about
0.7 74 will be sufficient.

The effect of varying the lag extent can be studied in a similar way by starting
from the same ACFs. We keep the lag resolution fixed at 0.1 1, vary the longest lag
and calculate the a posteriori errors, Since for positive definite symmetric matrices
it is generally true that (Q@™")ir > (Qwx)~!, we know that adding more lags will
increase Qi and therefore decrease the lower bound of the errors, and probably
also the errors themselves. This 1s seen in Figures 9a and and 9b, where we present
the two cases of a 3-paramcter fit for T./T; = 1 and T, /T; = 2, respectively. It
is seen that the errors do not change appreciably after about 1.8 5. The zero lag
has practically no effect on the curves. For the 5—parameter fits in Figures 10a and
10b, stabilisation occurs at about 2.8 7y in both cases.

In order to see how well these conditions are satisfied in an individual
experiment, we consider a multipulse experiment known with the code type EFOR-
V4 (code F in Turunen and Silén, 1984; Lehtinen and Huuskonen, 1986). We only
use the lag resolution and the lag extent of the experiment in these considerations;
the zero lag is measured, but its variance is four times that of the other lags, meaning
that the errors using this variance will be twice as large. The actual result will be
between the bounds calculated with and without the zero lag. The code has the lag
resolution dr = 40 us, and 7 lags are used, resulting in a lag extent Ar = 240 us,
meaning dr = 047 and Ar = 247 For 3- and S5-parameter fits, the lag
resolution is certainly sufficient; the lag extent is sufficient for the 3-parameter fit,
and almost sufficient for the 5-parameter fit. This is true for T} = 300 K.

We may also consider for which ion temperature intervals (Tin, Tmez) this
code is sufficient in the whole interval 1 < T, /T; < 2. A change in T; or m; scales
the T-axis by +/T;/m;. For increasing T, it moves the zero-crossing closer to the
origin. Hence Th,,, determines the lag resolution requirement, and Tp,;, sets the
scale for the lag extent. Let d7,,q4 be the coarsest lag resolution for which this code
is sufficient, and Ary,;, similarly the smallest lag extent which is sufficient for this

code, Then
s
Tmrr.a: ={ —— Ti
(%)

ATmin 2
Tm.r'ﬂ. =1 T;.

As mentioned earlier, the zero lag is measured in this code, but it has fourfold
variance. Since we have used only one value for ¢ in calculating the behaviour of
errors as a function of lag resolution and lag extent, a conservative estimate would
be that the true validity intervals will be somewhere between those obtained by
using the same o also for the zero lag and not using the zero lag data at all, which

(2.31)
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1s equivalent to putting the variance equal to infinity. An educated guess is that
the true answer is quite close to the former one. (It would not be difficult to do the
exact calculation using the (:01'1‘ect 3im, but we shall refrain from doing it here.)

With the zero lag data and for 7,/T; = 1, the sampling interval 1. l1p is
in the the 3—parameter fit case sufficient for 7; = 300 K, dr = (.47 means
Tinaz = 2300 K and 1.8 7y means T, = 170 K, resulting in the validity interval
170 K < T; < 2300 K. For the 5-parameter fit, we get similarly roughly the
mterval 400 K < T; < 900 K. For T./T; = 2, the corresponding intervals are
130 K < T; < 1500 K for the 3-parameter it and 350 < T; < 900 K for the 5-
parameter fit. This means that for T,/T; between 1 and 2, this code is sufficient
for 3-parameter fits when the ion temperature is between 170 and 1500 K, and for
S5-parameter fits between 400 and 900 K.

N

Without the zero lag data, we would get correspondingly a stable region for
the 3-parameter fits between 170 and 900 K, but nothing for the 5-parameter
fits. Therefore, we can only state that the 3-parameter fit is certainly valid for
170 < T; < 900 K and that the 5-parameter fits will be unstable except possibly in
a narrow interval starting from 400 K.

2.6. Conclusions

We have presented a general method to estimate the probable errors in IS
measurements under given ionospheric conditions. We have shown that it is possible
to determine a sufficient lag resolution and lag extent for a stable solution. We
have also shown that the error estimates have, due to the scaling properties of the
ACFs, a larger range of validity than just the neighbourhood of the parameter point
considered. The ACF scale is 7, which depends on the ion thermal velocity only.
The values of the minimum lag resolution and lag extent in an actual experiment
may be obtained from the curves presented here without doing the calculations
explicitly, and these results can be effectively used in assessing the feasibility of
a particular experiment when one wants to determine the values of ionospheric
parameters.

One of the assumptions in the discussion of the previous Sections is that the
plasma (or parts of it) is not drifting. If the drift is not negligible, but of the
order of wy in frequency space, one may in fact have to sample with a much better
lag resolution than was deduced, since a slower sampling may give a wrong ACF
through aliasing. However, it may be shown that the full a posteriori distribution
- will separate into a product of a velocity distribution and a distribution for the
other variables. This means that the errors will be independent, and thus our
conclusions will not be seriously affected.
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Table 1

ERROR ESTIMATES OF THE PLASMA PARAMETERS
WITH NO PRIOR INFORMATION ON THE PARAMETERS

N./Ng T:/To T./T; v/ P logg
1.000 1.000 1.000 0 0300 | cond(Q)
- — - - 0.034 0.000

- - - 0.156 - 0.000

- - - 0.186  0.040 1.496

= - 0.019 - - 0.000

- - 0.028 —  0.049 0.974

- - 0.023  0.188 - 1.982

- - 0.029  0.194  0.051 2.089

- 0.023 - - - 0.000
0.157 - - 0.229 2.322
0.031 —  0.206 - 1.906

0.366 - 0434 0483 3.161

- 0.037 0.031 - - 0.934

- 0.199 0.036 - 0.264 2.719

- 0.041 0.031  0.207 - 2.248

- 0.805 0.064  0.782  0.999 4.031
0.014 - - - - 0.000
0.015 - - - 0.037 0.888
0.014 - - 0.156 - 2.117
0.015 - - 0.192  0.045 2.317
0.025 - 0.035 ~ - 1.112
0.030 0.057 - 0.060 1.712
0.071 - 0.121  0.535 - 3.358
0.294 - 0.561  1.884  0.210 4.491
0.015 0.025 - - - 0.611
0.015 0.159 - - 0.230 2.678
0.016 0.036 - 0.219 - 2.450
0.033 0.801 ~  0.964  1.015 4.196
0.035 0.052 0.072 - - 1.840
0.113 0.747 0.267 - 0.852  4.066
0.988 0.166 0.561 1.698 - 4.431
0.294 0.805 0.564  2.031 1.020 4.626




ERROR ESTIMATES OF THE PLASMA PARAMETERS

Table 2

2.6. Conclusions

WITH 10% A PRIORI ~ACCURACY FOR T

N /Ny T /Ty T./T; vivy p logy
1.000 1.000 1.000 0 0.300 cond(Q)
- - - - 0.034 0.000

- - - 0.156 - 0.000

- - ~ 0186  0.040 1.496

- - 0.019 - - 0.000

- - 0.028 - 0.049 0.974

- - 0.023 0.188 - 1.982

- - 0.029 0.194 0.0561 2.089

- 0.023 - —~ - 0.000

- 0.084 - - 0.126 1.803

- 0.029 - 0.202 - 1.912

- 0.096 - 0.213 0.133 2.167

- (4.035 0.030 - - 0.885
0.089 0.030 - 0.126 2.049

- 0.038 0.030 0.204 - 2.240

- 0.099 0.030 0.215 0.133 2.407
0.014 - - - - 0.000
0.015 - - - 0.037 0.888
0.014 - - 0.156 - 2.117
0.015 - - 0.192 0.045 2.317
0.025 - 0.035 - - 1.112
0.030 - 0.057 - 0.060 1.712
0.071 - 0.121 0.535 - 3.358
0.294 - 0.561 1.884 0.210 4.491
0.015 0.025 - - - 0.585
0.015 0.085 - - 0.126 2.143
0.016 0.034 - 0.213 - 2.426
0.016 0.099 - 0.225 0.133 2.548
0.033 0.046 0.066 - ~ 1.752
0.033 0.099 0.067 - 0.128 2.335
0.160 0.086 0.307 0.988 — 3.954
0.294 0.099 0.561 1.887 0.244 4.535
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3. The effect of a priori accuracies

3.1. Introduction

The dependence of an error in a multiparameter fit on the a priori width of
another parameter is studied and an exact formula is given. This formula makes
it possiblelto estirnate how accurate the a priori information on a given parameter
must be in order to obtain the other parameter with a preseribed accuracy. These
estimates are useful in those cases where some errors are strongly correlated, like
the ion temperature and the OF content in incoherent scatter measurements with
the EISCAT UHF radar. The dependence of the solution on the accuracy of the
power profile estimates is given. Likewise, the behaviour of the error when a linear
combination of the paramecters is known exactly is given. The formulae given have
a very simple geometrical meaning, and together the two sets of formulae give a
complete solution to the problem of estimating the accuracies in a multiparameter
fit when a linear combination of the variables is known with a prescribed accuracy.

3.2. General results

In a typical multiparameter fit to a physical model, one of the main difficulties
is the fact that when the number of parameters to be fitted grows, the parameter
estimation errors prow more or less explosively with the number of correlated
parameters. There are two cases of practical importance which effectively reduce the
number of parameters in the fit: 1) one parameter is known with a given accuracy or
12) a linear combination of some of the parameters is known exactly. The third case,
when a linear combination is known with a pl(‘b(,llbed accuracy, 1s a combmatmn
of the two.

As 1n the previous Chapter, we suppose that the measurement vector m =
(mq,...,ma)T depends on the parameter vector 2 = (21,...,25)" through the
equation

m = Az + ¢, | (3.1)

where € 18 a zero-mean Ganssian measurement noise vector with covariance matrix
Y. The a priori distributions are supposed to be Gaussian with centre points z,
and error covariance matrix 2g:

Dy (2)=C f“zp(——(::' — 29) 25 (& = 20)). - (3.2)
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It was shown in the previous Chapter that the a posteriori distribution is of the
standard Gaussian form

Dy(z)=C e.’r:p(—-%(a: —%0)" 5, (= — %0)), | (3.3)

where I, is the full a posteriori covariance matrix given by the inverse of the Fisher
information matrix: 5, = Q7! and

Q=3"4+4T2 A (3.4)

The centre point vector Tp is both the maximum likelihood point zas; and the
mean value of the posteriori distribution. The centre point is defined by

To = Q (S5 ee + ATE '), (3.5)

where the vector ™ represents the measured values, and the a posteriori
distributions are simply negative exponentials of half the positive definite quadratic
forms ‘

S(z) = (x ~%)TQ(z — To) + 5(To)- | (3.6)

The matrices A are the derivative matrices of the full theory function f and
the parameters @ arc random vartables with distribution functions which - are
multivariate normal (Gaussian) with mean Fo and covariance L, in the usual
statistical terminology (Rao, 1973; Tarantola, 1987). It follows that 3.5 has a x?
distribution with dim(A)—N degrees of freedom. Inthe following, the distributions
being Gaussian leads to several useful simplifications.

3.3. The parameter blocks

The estimation errors, being equal to the second moments of the a posteriori
distribution, are given by the square roots of the a posteriori covariance matrix Z,.
It is not necessary to consider the effect of a priori information on all parameters
simultaneously. In fact, we only need to consider the effect of the a priori knowledge
on one parameter at a time; the equations for the rest of the parameters are all
similar. This is seen as follows. When we have prior knowledge on a block of
parameters z, the bare a posteriori covariance matrix T, = (ATZ;1A)~! is written

in the block form
S T
yr  “yy

where y denotes the block of the rest of the variables and the parameter vector
has the block form (z;y). From the properties of the Gaussian distributions, it
follows that the matrix ¥,, is the marginal a posteriori covariance matrix of the
a—variables (likewise for ¥,,) and ¥, the covariance matrix of the variables z,y
(see e.g. Rao, 1973). The corresponding information matrix Q4 is similarly written

in the block form 0 0
, = | R R . (3.8
% ( Qye  Quy ) (38)
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When the a priori matrix is -

v E(}x:c 0
zu_( : 100), ) (3.9)

with an inverse

Q":.(QMB g) - (3.10)

where Qose = Xg,,, then the full a posteriori covariance matrix X, is given by

szi

Zp = (Qs+ Qo)™ (3.11)

and hence the full a posteriori distribution hy

Dy(e,y) = Corp(~5 ey (@ + Q)™ (312)

Here we have neglected the dependence on Ty, since we are not interested the
position of the maxiimm likelihood point, but only in the behaviour of the diagonal
elements of the a posteriorl covariance matrix. Therefore, we only keep the
quadratic coefficients in the variable (2;¥) The marginal dlstnbutlon of #, when we
are not interested in the rest of the V'l.].lablt’“-: y, 18 :

Dy(x) =C /Dp(:v,:u)d:u
=C [ eap(=53(e50)(@s + Q)i )y (3.13)

1 4 1
=C Cﬂ:p(_gleDJ:a‘.&') /e%p(—; Ty ?) Qu(w; y )dys

=

and since the integral on the right is by definition just the marginal distribution of
x, we have

D,(z) =C erl:p(—lmTng:t)e:np(-—;lsmTE;;m)
' 1 ” (3.14)
= e'lp(——’a, ((E(}m) + (Em)_l)x).

Since the result does not depend on y, we see that the uninteresting variables can

be neglected, and the merginel distribuiion in @ on!y depends on the parameters in
the z—block.
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3.4. One variable is known with a prescribed accuracy

We start by studying the simple case of the effect of a finite width of the a
priori distribution in one variable on the width of the marginal distribution of any
other variable. In practical terms, how the accuracy in the some parameter depends
on the a priori accuracy of a given parameter.

Let the a priori distribution of z; have a width p; then the expression for ¥,

5o = (p; Og) , | (3.15)

2 abé:
E"’::(aic? b?)’ (3.16)

where @ in turn is the width of the marginal distribution of the first parameter z;,
b that of the second parameter v, and § their correlation coefficient, which may
have any sign. A two-dimensional a postenon ellipsoid and the a priori on z; are
represented in Fig. 12.

1s

and for X,

@ and hence ¥, may be calculated easily; the result is

N 1 p? abé(g)z
Eh - 1+(E)2 (abé(fé)z 52(62_'_(,5)2)) ’ (3'17)

where we have put for simplicity €2 =1 — §2.

Let us consider the behaviour of the errors as a function of the a priori
uncertainty p for small values of p (compared with «). For z; the result is

2
. P g y
(801)* = Ty’ (3.18)
so that Azy=sp for small p and
(Bag)? = 2o T80
L+ (%) | (3.19)

so that Azymby/e* +(£)?. This may be summarised as follows: for small p,
the uncertainty (error) in the first parameter z; is directly equal to the a priori
uncertainty, while for very large p it saturates to the value a of the marginal
distribution; in the case of the second parameter zq, for very small p, the error
is the constant ¢ = be obtainable from the value of the conditional a posteriori
distribution supposing that z; is known exactly, then it starts growing roughly
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linearly in p, until it for very large p saturates to the value b, the width of the
marginal distribution. When the errors are strongly correlated, € ~ 0, and we see
from (3.19) that the uncertainty in the second parameter is reduced by the factor
p/a for small p. If the errors are not correlated, e = 1, and the a priori knowledge
does not help to resolve the second parameter,

3.5. A linear combination of the variables is known exactly

As in the previous Section, we can study a limited problem of originally 3
variables z,y and z with a bare a posteriori covariance matrix Zy:

a® aba acP
Sp =1 aba B bey |, (3.20)
ac by P

where the diagonal elements a?, »* and c? are variances of the variables and «, 3, v
their correlation coefficients. We suppose thiat there is an independent measurement
of z and y, so that y = Az exactly. The quadratic form described by (3.20) will
now depend on only two parameters, x and z. It is a simple matter to substitute
Az for y and to calculate the resulting covariance matrix for the two remaining
independent variables. The result 1s

Ser = 5. =(ab?e(B — ya) + Aabe(y ~ aB)) /A
se =B (1 —o®) /A (3.21)
S =02 (1 = %) 4+ 2habP (78 — ) + X2 P (1 — A1) /A,

-

where A 1s equal to

A=a*)? 4+ - 2a\ab. (3.22)

These formulas may be very simply written in a geometric form by using the fact
that all matrices involved are positive definite. The a posteriori covariance matrix
T3 in (3.20) may be represented e.g. in the form ¥y = GGT where G consists of row
vectors a,b, ¢ in some orthonormal basis. Their squared lengths are equal to the
variances a?,5? and ¢?, and the correlation coefficients «, 8,4 are cosines of their
relative angles. When we further denote the vector W by

W=Ja—b, = (3.23)

then we have that the squared length of the new variable W is equal to W? =
Ata? + b? — 2ahab = A. Also the equation (3.21) will have a simple geometrical
meaning, when we use vector algebraic notation. The most important equation is
the one for the variance of the independent variable z:

Sus =c2(1 — (Mab — by)?/A)
=c*(1 - (c- W)/ W? (3.24)
=(cx W) /W2, |
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We see immediately that when c is parallel with the new vector W, the variance
may become zero. If the vectors are perpendicular, knowing W has no effect on
the variance of z. This is possible, when the variables are suitably correlated. The
knowledge of the linear combination also affects the first variable:

5rr =a¥(1 ~ (a- W)2)/W?2

3.25
—(ax Wy /W?, (829

a completely analogous formula, and also the correlation coefficients:
Sxa = (aXW) .« (cxW)/W?2, | (3.26)

in a most natural way in geometric terms.

3.6. Applications to incoherent scatter

The results of Section 4 mean that Table 2 in Chapter 2 is superfluous. It may
be calculated from Table 1 by using p = 0.1 and Eq.(3.17). We apply now thesc
results to the EISCAT UHF radar operating at about 933 MHz. In Eq. (3.19) the
values a and b may be read off as the errors in the particular fit considered, (i.e.,
the widths of the marginal distributions), and the constant ¢ as that value which
corresponds to the same fit but with the parameter z; kept fixed (i.e., as the width
of the conditional distribution supposing that z; is known).

As was pointed out in Section 3, the a priori knowledge on some parameter
is only then useful when the errors are highly correlated, meaning that e is small.
If € is not small, a priori knowledge is of little use. In incoherent scatter, it is well
known that the errors in 7; and ion content are highly correlated (with a negative
correlation coefficient), so that € is very small indeed. Then we see that for the
cases of fitting T; and Ot content simultaneously, the error in esther parameter is
lincar in the o priori width of the other one provided the a priori width (to be of any
use) is comfortably smaller than the width of the marginal distribution. Taking the
numbers from Table 1, we plot the behaviour-of the error in OF content supposing
that vy is zero (usually the case where composition is important), but fitting the
remaining four parameters as a function of the a priori accuracy of 7} in Fig. 13.

The tables in the previous Chapter have been calculated with the assumption
that the ACF noise level is 4y = 0.01, which means that the power profile estimates
have a statistical accuracy 0.014 or 1.4%, which is a very common number in
practice. It is easy to understand that integrating long enough reduces the amount
of noise in the data, and hence any desired accuracy in the fitted parameters may
be obtained. We pose the following question: between which values of the noise
level (or SNR) is the a priori information useful? This question may be answered
without doing an explicit calculation. The best case is when the 4-parameter fit
(N, T;, T./T:,p(OF)) itself gives the desired accuracy, meaning that any width of
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the a priori distribution will do (the width of the marginal distribution equals the
desired accuracy); the worst case is when the 3-parameter fit (N,,T/T;,p(0O1))
itself gives the desired accuracy, meaning that the a priori width is zero or that the
first parameter is known exactly (the width of the conditional distribution is equal
to the required accuracy).

When the noise level v is increased by a factor £ = 4 /v, the numbers @ and
b are scaled by the same number, but the error correlation coefficient é and hence
e remaln the same. Then we have that the error Azy becomes

(Eeb)® + (&)

(Azg)? = T{E)Z’

(3.27)

so that given a wanted accuracy A = Aw,, the required accuracy p for the a priori
on z; becomes

P _ 2A2 o ‘526252
(a.) =£ FE AT (3.28)
As noted carlier, it is easily seen that a solution for p only exists for |
A A
— << —, (3.29)
b be

Therefore, the noise level relative to 49 can be at most A/be, but it has tb_ be ab
least A/b; the numbers b and be = ¢ are the widths of the marginal and conditional
distributions, respectively.

By taking again the numbers from the 4-parameter fit, we see that a 10%
accuracy for the composition fit is obtainable with an a priori knowledge on T; /Ty
for 0.117 < £ < 1.667. This is equivalent to knowing the power profiles with an
accuracy between 11.7% and 0.8%. The behaviour of p/a is illustrated in Fig. 14.

The following question is important in practice in the design of experiments:
how well should one know the ion temperature in order to obtain the ion
composition with an accuracy of, say, +10%, for a given accuracy of the power
profile estimate?

In the case considered in Table 1, the answer for the 2-parameter (7}, p(O1)),
3-parameter (N,,T;,p(0™)), 4-parameter {Ne, T}, T /T;, p(OF)) and 5-parameter
(N, T;, T./T;, vin,p(OF)) fits is the following (the oxygen content was 30%, so we
are asking for a relative accuracy of 33% only): for the 5-parameter fit, there is
no solution: even if the ion temperature is known exactly, the error in composition
is still 21%; for the 4—parameter fit, we have p==7.1%; for the 3— and 2-parameter
fits, we get 7.1% and 7.2%. These numbers are remarkably similar, and a general
answer is therefore that knowing T; to better than 7% leads to composition errors
that are 10% or better. This is obviously a consequence of the high correlation of
the ion temperature and composition errors.
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3.7. Conclusions

The error tables presented in the previous Chapter may be used effectively in
studying the dependence of an error in a multiparameter fit on the a priori width
in another parameter. This method makes it possible to estimate how accurate
the a priori information must be in order to obtain the other parameter with a
prescribed accuracy. These estimates are useful in the cases where the errors in
some parameters are strongly correlated, like the ion temperature and the O
content in incoherent scatter measurements with the EISCAT UHF radar. The
dependence of the solution on the accuracy of the power profile estimates is given.



4. Effect of parameter mixing within a measuring volume

4.1, Introduction

The effect of having parameters varying over a volume under consideration
rather than being constant is studied in the framework of statistical inversion
theory. It is shown that using parameter averages is equivalent to have the theory
corrected by the covariances of the variables coupled with the second derivatives of
the theory function. If the parameter distributions were known exactly, this would
only introduce a bias in the theory and hence a systematic error in the parameter
centre point estimates. When the distributions are not known exactly, there is
another source of error consisting of the uncertainties in the parameter variation
estimates. This leads to new errvor bounds on the allowed parameter variability
within the volume under consideration if some prescribed accuracy in the parameter
estimates 1s wanted. These considerations are applied to IS measurements, where it
is important to be able to estimate the effect of integrating both in space and time
over a volume with varying parameters in order to obtain spectra or autocorrelation
functions. Numerical examples are given in the case of the O content estimates in
measurements with the EISCAT UHF radar, when e.g. the ion temperature varies
over the integration ranges. The results obtained may be used in the design of
experiments when high resolution composition measurements are required.

4.2, General results from traditional inversion theory

In the framework of general statistical inversion theory discussed in the
previous Chapters, we stucdy the modifications to the first-order linear theory when
the measurements are made over volumes where the parameters to be estimated
are allowed to vary. As earlier, it is assumed that the measurement vector
m = (my,...,mpy)7 and the unknown parameter vector z = (zy,...,zn)7 are
connected by the equation

m = f(z) +e, _ (4.1)

where € is a Gaussian random variable with zero mean and covariance X,,.
In incoherent scatter measurements, f is the nonlinear function describing the
dependence of the theorctical ACF values on the unknown plasma parameters z
within some measuring volume V.

In statistical inversion theory, one tries to estimate the parameter values
© when we have the measurements ™M and prior information on the values and
accuracles of the parameters z. It is normally assumed that the parameters x are
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constant within V. However, in many practical cases, e.g. when a measurement
consists of receiving scattered signals from a random medium, the parameters vary
over the volume where the signal comes from, according to the volume resolution
set by the experimental setup and by the hardware requirements, and it is also
necessary to integrate, i.e., use time averages of the samples obtained in order to
have a tractable signal. Then it is important to ask the question when the variation
of the parameters over space and time is significant enough to affect conclusions
deduced on the basis of the simple linear theory.

In the linear theory, instead of the previous equation, one has
m = Az + ¢, (4.2)

where the matrix A is most often a linear approximation consisting of the first
derivatives of the full nonlinear theory function f with respect to the parameters of
the theory. In the linear theory, the parameter error estimates are obtained as the
square roots of the variances given by the diagonal of the a posteriori covariance
matrix ¥, which is the inverse of the Fisher information matrix Q:

Q= "+ATT A (4.3)

where ¥y is the a priori accuracy covariance matrix. If there are more independent
measurements with Gaussian errors ¢;, then each measurement adds a contribution
of the form ATST 14 to the information matrix.

The centre point vector Ty of tlhe a posteriori distribution is in the linear and
Gaussian case both the maximum likelihood point and the mean value of the a
posteriori distribution, and is given by

To = Q Z5 2 + ATS ') (4.4)

where z¢ is the centre point of the a priori distribution and 7z denotes the measured
values in the experiment. It 1s seen that each independent measurement also
modifies the a posteriori centre point value.

4.3. Linear inversion theory revisited with incoherent scatter in mind

Real IS measurement values are averages of the sort described in the previous
Section, since the responses come from a finite scattering volume and also because
the response is a result of time integration that may range typically from fractions of
a second to several hours. Depending on the situation, one may be interested in the
variation of the plasma parameters as a function of range, across the radar beam,
as a function of integration time or any combination of these factors. Nevertheless,
it is possible to formulate all this by saying that the resulting measurement value
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corresponds to an average over a probability measure u on the space of the plasma
parameters X. Then the previous equation will be modified to

m = / Flz) pldz) + €. - (45)
J |

Let us also supposc that the variation of the parameters within the measuring
volume both in space and in time is sufficiently small so that the measure p is
concentrated in a small region in the space of the unknowns X around a centre of
gravity To defined by

T = /m;.t(d:::']. (4.6)
X | _

We may then write the integral ((4.5)) as

f f(z )+Z af ‘r_ r—-T OZ 87‘ 01}} o m(:r:—f),j(.’s—f)j ,u(d:r)

X
(4.7)
D(,fmmg the central covariance matrix of the parameter variations within the
measurcment volume by

Covylr)i; = /(1, — T)i(x — F); p(de), o (4.8)

X
we arrive at the modified relationship

m = f{F) + Z Ci; Covyla)i; +e, (4.9)

iLi
where we have denoted by C' the curvature matrix (8% f /82,07 ;) =3

Now our set of unknowns consists of the centre point and the second central
moments of the parameter distribution in the integration volume. That is, we might
define a new vector of unknowns z' by

' = ((Th,...,(@)N,Covv[ait,. .., Covya]in,

(4.10)
Covy[x]az,...,Covy[t]en,..., Covy[z]nn).
The standard way of doing analysis therefore corresponds to the introduction of
very definite a priori knowledge about the second central moments Covy[z];;: they
are neglected, 1 e., supposed to vanish. This simply means that the parameters are
considered to be constant within V. It would certainly be much better if we used
estimates of the parameter gredients from outside the measurement volume to infer
the changes of the parameters inside the measurement volume and thus to arrive at
some estimates of their values. Still, the knowledge about the values of Covy{z];;
will be inaccurate and in the following, we shall estimate the influence of this on
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the estimation results of the first part of our new unknown vector z', that is, T,
the average of the parameter distribution in the measurement volume. There is,
however, some definite a priori knowledge about the covariance matrix: since it is
positive definite, the squarcs of off-diagonal elements can at most be equal to the
product of the corresponding diagonal elements.

The approach described here is completely new: a first version has been
presented at the URSI conference in Tel-Aviv 1988 by Markku Lehtinen in an
invited talk. As such, it is not the same as having an inexact theory as discussed
in Tarantola and Valette (1982a). The difference is that we suppose that we have
an exact theory, but our measurement values are averages over volumes where the
parameters vary. It is of course possible that we may eventually end up with the
same sort of answers to the paramcter estimatc uncertainties.

4.4. Applications to incoherent scatter: linear results revisited

We compare corrections ohtained from the covariance estimates with the
results derived in the previous Chapters. We shall calculate tables for the a
posteriori errors in several important cases, where the second moments are supposed
to be either fixed or completely unknown; the question of a priori knowledge will
be important in inferring how accurately the second moments must be known so
that their uncertainties do not affect the final parameter estimation errors.

We estimate the errors by starting again from the linear theory obtained from
(4.9) by linearigation:

m = flag) + Z Di(T - 2¢)i + Z Ci;Covylz)ij + e (4.11)

ENE

where we have denoted by D; = (8f/02;),-7 the matrix A of the traditional linear
theory. The point wg is the result of the fit. The uncertainties in the position of
z¢ are also uncertainties of the position of the mean value T of the parameter z.
It is clear that these uncertainties are not affected by the fact that the parameter
x has been varying over the integration volume, since they only depend on the
values of the derivative matrix A at the fit point xy. One may consider this also as
an effect of averaging a first-order, linear theory. The moral is that in the linear
theory, the position of the centre point estimate is affected by the bias introduced
by the second moments, but the accuracy of the centre point estimates is not
affected by the values of the covariances, but rather by the accuracies with which
the covariances are known.

The first—order errors for the 1111:It51.)al.1'a.metc1‘ fits for the value zp; =
(1,1,1,0,0.3)T, taken from Chapter 2, are for the same value of the SNR, resulting
m an uncertainty of the clectron density when fitted alone of 1.4%:
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NE/NQ Ti/Tg Te/q} .V/V[) p(0+)
1.000 1.000 1.000 '0.000 ~ 0.300
0.035 0.052 0.072 - -
0.113 - 0.747 ~ 0.267 - 0.852

-0.288 0.166 0.561 1.698 -
0.284 0.805 0.564 2.031 1.020

If we supposc that we know the parameter covariances exactly, then the
measurement vector m will be modified to m' where

m' =m =Y Ci;Covyla);. (4.12)

iJ

This means that we have introduced a bias into the measurements. The bias
correction to the parameter estimates in the linear theory, supposing no a priori
knowledge, is from (4.4)

b= —(A"SATIATEY  CiiCovy(ali;. (4.13)
“d,f

We may also rewrite this for diagonal X, as

h = —pinv(4) Z CijCOVV[.’B]z'j, (4.14)

3]
where pinv(A4) denotes the pseudoinverse of A.

The simplest case to consider is a situation where the measurement volume
extends in only one direction and where we can suppose that the plasma parameters
vary linearly, This means that the parameters remain constant in other directions.
If we denote the direction in which the parameters may change by h, the situation
is easily modelled by stating that heV = (—1,1) and = = 29 + ah. Then the
covariances will be given by Covy(z}; = a;a;, We now consider the products
a;a; as our new variables. Although these variables do not change the value of the
spectrum or ACF, they affect the value of the centre point zy: the bias correction in
terms of the fifteen independent products ¢ = a;a;(: < 7) is given by the product

of a 5x15 matrix B and the column vector of the covariances,
b= —Bec. (4.15)

Here e.g. ¢y = a%,¢y = @) - ay,...,c5 = a3,...,c15 = a2. The calculations are
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detailed in the Appendix. The matrix B is given (for lack of space) by its transpose

/ 0.000 0000 0.000 0.000 —0.000\
0.003 0.317 -0.013 —0.047  0.052

—-0.005 0354 0.296 -0.117  0.028
0.001 0340 0.310 0.252  0.039

"—0.002  0.305 0.307 0.238  0.437
0.924 -3.645 2.046 4.730  3.853

-0.572 ~1.340 —1.032 -2.470  2.348
BT = | -0.206 -1.352 -0.311 —0.529  1.957 | . (4.16)
1.761 —6.811  3.875 9.684 7.520 | -

—0.515  0.868 —1.239 —1.716 —0.575
0.202 —0.6390 0615 1005 0.518
0.126 —2.261 0.392 0.028  2.817
~0.039  0.111 -0.084 —0.158 —0.105
0.223  0.385 0.413  1.441 —0.749
0426 -1334 0922 1716 1.310/

The effect of the diagonal clements (variances) is visible in the rows 1,6,10,13
and 15; it is scen that the most important single variance is that of the temperature
and that the effect of the variahility of the electron demsity is negligible. The
diagonal elements are given by

0.0003  0.9241 —0.5147 —0.0391 0.4262
0.0005 —3.6446  0.8682  0.1114 1.3341

d(B)=| 00001 20463 —1.2385 —0.0840 0.9219 |. (4.17)
0.0000 47301 —1.7159 —0.1581 1.7161
—0.0004 3.8533 —0.5747 —0.1048 1.3103

The bias introduced by e.g. T; varying 10% around its central value leads to
the bias vector b = (0.1)*(—-0.924, 3.645, —2.046, —4.730, —3.853)" correction to the
values 29 = (1,1,1,0,0.3), that is, the ‘correct’ zy is '

2o = (0.99,1.03,0.98, —0.05,0.26)". (4.18)

The thumb rule emerging from (4.16) is that variabilities of the order of 10% lead to
bias corrections that are of the order of 1%, except for the electron density, which
has no effect at all. Since the bias correction is quadratic in the variabilities a;,
the bias corrections will be unimportant for smaller values. If, on the other hand,
the variability of the ion temperature is known to be of the order of 1%, all blas
corrections may be neglected.

When the parameter variabilities are not known exactly, or may not be
estimated sufficiently accurately, the matrix A of the linear theory will have extra
columns resulting from the sums in (4.14}; these are (up to a factor of 1/3) either
the second derivatives (diagonal elements) or twice the mixed derivatives multlpylng
the ordered products a;q;.
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For simplicity, we give only the results of the single variances of all parameters.

The effect of the parameter variations is seen in the following tables, where
again we denote by a dash a parameter which is kept fixed. The last column gives
the uncertainty of the parameter a;. There is a marked effect in the parameter
estimate uncertainties. The mere fact that we do not know how much a given
parameter varies over the volume increases the estimated errors from the simple
linear theory by a varying factor. The results are seen to split into two groups by
the simple fact that the second derivatives with respect to T}, T./T; and p(O™) are
of the same order of magnitude as the first derivatives, while the second derivatives
with respect to N, and v;, are very small indceed; the derivatives are represented
in Fig. 15. This means, as pointed out in Chapter 2, that the errors corresponding
to these variables will bc large. The multiparameter ﬁt errors of the first group are
in the following three tables:

Ion temperature variation accuracy unknown

N./Ny T:/To T./T: v p(0O™) Var
1.000 1.000 1.000 0.000 0.300 - *
0.035 0.052 0.072 - - -
0.065 0.058 0.125 - - 0.39
0.113 0.747 0.267 - 0.852 -
0.164 1.920 0.451 - 2266 0.638
0.288  0.166 (.561 1.698 - -
0.414 0.240 (.811 2.874 - 0.509
(0.294 0.805 (0.564 2.031 1.020 -
1.216 . 4.722 2.673 6.372 5024  1.130

For the temperature ratio, we have stmilarly the table

Temperature ratio variation accuracy unknown

N /Ny T:/To T./T; v/ p(0O™) Var
1.000 1.000 1.0000  0.000 0.300 *
0.035 0.052 0.072 - - -
0.104 0.142 0.330 - — 0.800
0.113 0.747 0.267 — 0.852 -
0.317 1.383 0.891 - 1.382 1.019
(.288 0.166 0.561 1.698 D -
0.804 0.604 1.820 3.632 - 1.170
0.294 0.805 0.6564 2.031 1.020 -
1,147 2.036 2,726 4,217 1.604 1.467

and for the composition variations,
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Ion composition variation accuracy unknown

N./Ny Ti/To - T./T; vive,  p(0O7) Var
1.000 1.000 1.000  0.000 0.300 -k
0.035 0.052 0.072 -

0.037  0.054  0.074 - ~  0.654
0.113  0.747  0.267 - 0.852 -
0.220  1.696  0.551 ~ 1911  0.979
0.288  0.166  0.561  1.698 = -
0.455  0.281  0.897  2.790 © 0.838

0.294 0.805 0.564 2.031 1.020 -
0.756 2.326 1.610 3.465 2.374 1.279

The effects of the second group, the electron density variations and the
collision frequency variations are in the following two tables:

The electron density variation accuracy unknown

N, /Ny Ti /T T./T; vivg p(0T) Var
1.000 1.000 1.000  0.000 0.300 *
0.035 0.052 0.072 — = —
0.405 0.137 0.235 ~ - 32707
0.113 0.747 0.267 - 0.852 —~
0.425 0.975 0.286 - 1.012 35638
0.288 0.166 0.561 1.698 - -
0.442 0.244 0.565  1.773 33.425

0.294 0.805 0.564 2.031 1.020 -
0.507 1.022 0.574 2.032 1.160 35.639

.a,nd

TIon-neutral collision frequency variation accuracy unknown

N./Ny T: /7o T./T; v/ p(0OT) Var
1.000 1.000 1.600 0.000 0.300 . *
0.035 0.052 0.072 - -

2.283

0.035 0.059 0.072 - -

0.113 0.747 0.267 - 0.852 -
0.2530 1.828 0.622 - 2.025 3.518
0.288 00.166 0.561 1.698 - -
0.517 0.334 1.023 3.103 3.086

0.294 0.805 0.564 2.031. 1.020 -
1.828 5.203 3.916 7.974 4.943 6.794
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It is seen that with these two last parameters, the errors in the multiparameter
fits are not necessarily smaller than the errors for the other parameters. However,
we know in most cases a priori that their variation uncertainty cannot be larger
than one in our units, and from the formulae in the previous Chapter, the effect
of these a priori bounds will make the errors of other parameters in practice equal
to the errors when the parameter variation uncertainty was zero. In terms of
the previous Chapter, these a priori widths are so small that the widths of the
marginal distributions will be equal to the widths of the conditional distributions
supposing that the variations Aq; were exactly known. When we suppose e.g.
that the variation of the electron density is known to an accuracy of 1 (in units of
No), which is always realised in practice, we have the result that electron density
variations do not matter at all.

Similarly, giving a generous bound to the accuracy that the ion-neutral

collision frequency variation is known: when we know that the collision frequency
variation is known to an accuracy 1 (in units of 14), we have

The collision frequency variation known to an accuracy vy

NN, T/, T, vjm  p(0Y)  Var
1.000  1.000  1.000  0.000  0.300 *
0.035 0052 0.072 - - -

0.035 0.053 0.072 - - 0.991
0.113 0.747 0.267 - 0.852 -
0.115 0.759 0271 - 0.865 0.998
0.288 0.166 0.561 1.698 - -
0.201 0.169 0.568 1.719 0.997

0.294 0.805 0.564 2.031 1.020 ~
0.296 0.813 0.570 2.038 1.025 1.000

In the same vein, we can say that the collision frequency does not matter in
practice.

The most important parameter is in practice the ion temperature T;. When
the ion temperature variation is known to 40% (meaning a 5% accuracy in the
estimate of the corresponding second moment or covariance matrix element), we
have the following table: '
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Ion temperature variation known to 40%

N./Ny T /Ty T./T; v/ p(0™) Var
1.000 . 1.000 1.000 0.000 0.300 : *
0.035 0.052 0.072 - -

0.333

0.053 0.055 0.103 - -

0.113 0.747 0.267 - 0.852 -
0.121 0.988 0.298 - 1.147 . 0.386
0.288 0.166 0.561 1.698 - -
0.327 0.189 0.640 2.089 0.369

0.294 0.805 0.564 2.031 1.020 -
0.328 0.991 0.651 2.166 1.180  0.398

This leads to 15-20% increase in the composition fit errors, when 7., /T = 1. When
we let the temperature ratio vary, the errors in the composition fits become large
first when the uncertainty reaches 60%, which is seldom realised in practice, but
possible. This means a 12% accuracy in the second moment estimates. We then
have the table '

Temperature ratio variation known to 60%

N./Ny T/ Ty T./T; vive  p(OT) Var
1.000 1.000 1.000 0.000 0.300 *
0.035 0.052 0.072 - -

0.560

0.060 0.083 0.174 - -

0.113 0.747 0.267 - 0.852 -
0.149 0.839 0.386 - 0.924  0.583
0.288 0.166 0.561 1.698 - -
0.345 0.222 0.714 1.884 - 0.590

0.294 0.805 0.564 2.031 1.020 -
0.346 0.862 0.715 2121 1.040 . 0.596

In the case of the 4-parameter fit, the error does become large, about 10%; the
d-parameter fit errors have increased only slightly.

A final remark is that if we now let the composition vary, the increase in the
errors become noticeable first at impractically high uncertainties, of the order of
100%. This table is not shown here. '



46 4, Effect of parameter mixing within a measuring volume

4.5. Discussion

We have learned from the results shown above that in those cases where the
collision frequency is negligible, the only parameter whose variation one has to know
to better that 50%, especially in the composition fits, is the ion temperature. It
has to be stressed that this means only 5% in the second moments to be estimated
somehow from the lag profiles. It may be suspected that there are situations when
this estimate will turn out to be more inaccurate. It is also possible that the
variations in the temperature ratio may in some cases cause trouble.

There has been no systematic effort to attack the problem of parameter
mixing; e.g. Lathuillere e? al. (1983a) only discussed the bias problem in fitting ion
temperature and collision frequencies; however, the authors specifically excluded
noise in their numerical simulations (which is just the opposite of the approach
presented here), but nevertheless were able to note that the electron density profiles

had little effect.



5. Posteriori distributions for semilinear theories

5.1. Imtroduction

In this Chapter we study a question which is very important in practice,
namely that of using results of fits from subsets of some larger measuring volume
V. We are not integrating the data, but rather (post)integrating or averaging
the results over V. In order that the integration of these results be physically
meaningful, we must be able to assume that the parameter variations are sufficiently
small in some sense. What we are in fact doing is multiplying in a definite way a
posteriori marginal distributions in subsets of V' in order to obtain another marginal
distribution describing the whole of V' with better resolution. Most often this is
done in order to make the a posteriori distribution of some single parameter within a
larger volume such that the parameter gets resolved. How much integration in time
or height is allowed is answered by the considerations from the previous Chapter.
In the case of postintegration, it will turn out that the residuals of the fits play the
key role.

5.2. Introductory considerations: semilinear theories

Let us suppose that the measurement is described by
m = f(z;y) +e (5.1)

where z — f(2;y) is a linear function in x for each fixed y. In this case we can
rewrite the measurement equation as a matrix equation

m=f(y)zt+e (') =Tm (5.2)

where f(y) is a matrix defining a linear mapping between the parameter space X
and the space of measurements M.

The a posteriori distribution is then given (up to constants) by the identity
1 _ .
Dy(ei) = exp (~5(1(0)2 = m" B )z —m)

= QI e (5w ~ S ) —m))

10 exp (~3(e - 7)) Q)= - 30)) )
= Dy (y)Dy(aly),
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where the inversion solution for the linear variable is as in Chapter 2,

Qly) = fF(¥) I f(y)

_ 5.4
T(y) = Q) f(¥) SR m. (54)

By the Bayes formula, the first factor of the solution is the marginal
distribution of the a posteriori distribution for variable y, while the second factor
is the conditional a posteriori distribution for x when v is supposed to be known.
This solution corresponds to a practical analysis method that is often used: one
fixes the nonlinear parameter and fits the remaining linear parameters. Then one
changes the nonlinear parameter, until a best fit for the linear parameters is found.
The quadratic form in the first term is proportional to the residual of the linear
fit as a function of the nonlinear parameter. We have ‘thus obtained a statistical
interpretation of these kinds of methods: if the residual of the fit as a function of
the nonlinear parameters is defined by

S(y) = (F)Ey) —m) S (f)Ew) —-m), - (5.5)

the marginal distribution for the nonlinear parameters of the a posterior
distribution is given by

Dy) = Q)™ e (~350)) 59

Moreover, we see that the total a posteriori distribution is Gaussian in the directions
of the linear parameter = and that it is possible to solve numerically its centre point
Z(y) and Fisher information matrix (y) as a function of the nonlinear parameter
y. This is represented in Fig. 16.

5.3. Partially linearisable case

It is not necessary that some part of the theory be exactly linear for the above
discussion to be useful. It may be that while the total a posteriori distribution is so
wide or complicated that it is impossible to base its study on a linearisation of the
nonlinear theory around the best fit point, its conditional distributions with some
parameter(s) fixed may well be narrow enough so that they may be approximated by
Gaussians. This is due to the fact that the theory function itself is well represented
by the first term in its Taylor expansion in the region where most of the conditional
posteriori probability mass is situated. In this case we arrive at a similar situation
as above.

Let us suppose again that

m = f(z;y)+e  {ecT) = o, - (5.7)
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with ¢ a zero-mean Gaussian random variable. Here a typical situation could be
that z is a set of ordinary ionospheric variables, for example = = (N, T3, T./T})
and y is a difficult parameter, like the ion composition. In this case it is seen
from the tables of estimation errors in Chapter 2 that the conditional a posteriori
distributions for the ordinary parameters with composition supposed to be known
are an order of magnitude narrower than their marginal a posteriori distributions.
If it is possible to analyse composition (with the collision frequency supposed to be
zero) with error bars of the order of 10%, then it follows from Table 1 in Chapter 2
by scaling with the ratio 0.1/0.852 that the conditional error bars (supposing that
the composition is known exactly) in the 3-parameter fit for N,,T; and 7, e/ T will
be about 0.41%, 0.61% and 0.85%, respectively. Thus the marginal a posteriori
distributions for these parameters would be very narrow indeed. This means also
that the measurement errors would have to be very small; it would correspond
to an accuracy of 0.16% in the power profiles. This kind of statistical accuracy
means under normal circumstances such long integration periods (about one hour)
-and Integrations over tens of kilometers that the question of the stability of the
tonosphere or of the parameter mixing errors discussed in the previous Chapter
becomes important.

Let the a posteriori distribution be again given by

Dy(z;y) = exp (—é(f(m;y) —m) TS (f(zy) ~ m))

; (5.8)
= exp (—;S(a};? )) ,
and let us define the residual of the fit, S(y), by
S(y) = min S(x; y) (5.9)

for each fixed y and denote the point in X at which the minimum is attained by
z(y): _
S(y) = SE(yky)- (5.10)

We must now suppose here that there is a unique minimum point Z(y) for each y
or at least that the possible secondary minima lead to posteriori probabilities that
are so small that they can be neglected. If ,,, — 0, this will always happen, if the
minima are not exactly equal. The conditional posteriori distribution D p(Z;y) can
then be approximated by using the first three terms of the Taylor series expansion
of S(x;y) with respect to @ at the point T(y):

S 0RSEW N +3 Y 8;(;;)( =T - T (651

where the derivatives have been evaluated at z = %(y) and we have used the fact
that the gradient term vanishes at the minimum point, The second derivatives are
given by

325( ,y) af 1 af o T? 32f
8313'8.1.1 8_ m a + (f ) “~“m a 8’8_; (512)
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Since f(Z(y),y) — m may often be considered small (it is the residual vector of the
partial fit), we may approximate S(z;y) by

Sz y)=S@y);v) + (= — () Q)= - E(y)), (5.13)
where we have defined the conditional Fisher information matrix €;(y) by

afTE_laf

Q*J(y) = a—ﬂ“s " 6—*1:3. (514)

It now follows with these definitions for Q(y) and #(y) that simply

Dy(sy) = oxp (=3 ass) = m) 55 (faiv) =)
= QW7 e (-3 U - mITER (A - m) ) (519)
QI exp (3 =TT QEE ~70).

formally similarly to the scmilinear ease.

5.4. Postintegration of calculated a posteriori distributions

In this Chapter we consider a situation where we have a posteriori
distributions D;(:::) available from a number of independent measurements. These
a posteriori distributions may be analysis results of several consecutive heights
or from many consecutive integration periods. If the a priori distributions can be
taken to be constant and if it is supposed that the parameter values for the different
measurements are the same, it is clear that the combined a posterior distribution for
the independent measyrements is just the product of the a posterion distributions
of these readily calculated measurements.

A more complicated situation arises, if we suppose that the correct parameter
values depend on the index 7 in some special way. Let us suppose that the values
of the parameters are given by &' and y*, where the first ones are the ordinary or
linear parameters and the second ones are the difficult or non-linear parameters.
Then the measurements are described by :

m' = flaty' )+ € {5.16)

with ¢' independent from f’ if 1#7, and € is a Gaussian zero-mean random varlable
with covariance matrix X¢,
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The a posteriori distribution is then given by the product (supposing constant
a prioris)

D (w";y‘)
— H D‘
= H D,,(y VD, (x'y) (5.17)
= [exe (—50/'0") - miyT (2™ (') - )
that is, by using the conditional information matrices Q(y) defined above,

Dp(mii yi)
= [T exp (-5 )5 =m0 () = )

i

THR6I e (56 - 7w QN -7,

= [ew (—— (v )) exp (ﬂé(m*' T (@i — f*(y*))) .
(5.18)

The a posteriori distribution is thus decomposed into products of residuals of
the fits with y* kept fixed, and it is seen to be Gaussian in the linear parameters
z'. Here the only assumption is that the points Z'(y*) are the points where the
a posteriori distributions for fixed y* attain their minima, so that the conditional
distributions may be approximated by Gaussians. This is represented schematically
in Fig. 17. Let us suppose next that the indexed parameters z are related to some
basic parameters « by

g=Az an =y (5.19)

For example, if ¢ represents the radar range, it is natural to introduce a linear height
gradient to consecutive range gates by specifying &' = A'z = & + Az, the set of
new unknowns being (2, Az) . Let us in addition suppose that we are interested in
the marginal distribution for the difficult parameter y. This is given by the integral

D, y)_/HD(’L ) da
= e (-550") A/ [Texe (-3’ - ) QA" - 7).

(5.20)

Here, the last product is the same expression as in the linear problem described by

mi = Azt e, <ael >=Q7(y), mi =T'(y). (5.21)
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As mentioned in Chapter 2, this inverse problem has the solution given by the
information matrix

iT i i
Qviy) =) A" Qi(y)A (5.22)
. ; |
and the centre point F(y) given by

) = Q' 3 AT QWEW). BN CEL)

The information matrices Q*(y) of the linear problem (5.21) are outputs of the fits
of Z'(y') for fixed y. The height gradient matrices A* are obtained by assuming or
knowing some functional form as a function of height in (5.19), and T(y) can be
calculated. The value of the integral in (5.20) may be calculated by noting that
by virtue of (5.21)-(5.23), the product of the exponentials may be written as the
exponential of the sum

S(z;y) = (= — F(y)) Qule — T(y)) + SE(y);v)  (5.24)

as in Chapter 2. The value of the Gaussian integral is then (up to constants)
equal to the square root of determinant of the coefficient matrix @, and the factor
S(Z(y);y)) is by definition the residual of the gradient fit. Substituting z = 7(y)
into the mntegrand in (5.20) we have the final result

1/2 o
Hexp (—%gl(y' ))
1 i (5.25)
[ exp (*5 @) -T'W) QW) @) - f"(y))) :

i

Dy(y) = {Z AT Q)4

In practice, one therefore has to calculate both Z(y) as the sum given above
and the corresponding residuals for all intermediate fits for different values of y.
The information matrix Qy may depend on y, and therefore, its determinant has
to be calculated, too.

5.5. Discussion

We have derived the postintegrated a posteriori distribution of the difficult
parameter ¥ in a larger volume V by combining several previously calculated a
posteriori distributions in subsets of V for all parameters. We have seen that the
problem can be reduced to several simpler fits and that the residuals of these fits
play a key role in the final solution. Being matrix operations, these fits are relatively
easy to bring to a practical form, once we have the results of the intermediate fits
with the informetion or covariance matrices available.



6. Determination of ion composition from alternating code data

6.1. Introduction

In this Chapter we describe the design, realisation and analysis of the first
alternating code experiments ever performed. Alternating code is a new method
first described in Lehtinen (1986) and Lehtinen and Haggstrom (1987). Alternating
codes consist of series of long coded pulses repeated over and over again. The
collected lag profiles can be specially decoded to produce ACF estimates with
ambiguity functions similar to those obtained from ordinary double-pulse codes
with all possible pulse separations. After this decoding, the data can be analysed
by standard analysis programs. Alternating codes can be used instead of multipulse
experiments, and they lead to much better ACF accuracy than any other methods
with corresponding resolutions. In fact, it was proven in Lehtinen (1986) that the
accuracy is close to the theoretical optimum in the case where the signal-to-noise
ratio (SNR) is small. It will be seen that the analysis of first-phase results shows
that the composition can indeed be determined with a good resolution.

6.2. The design requirements of the experiment

The primary goal of the analysis was the determination of the ion composition
p(O%) in a population consisting of O (mass 16 u) and a mixture (mass 30.5 u) of
the heavier molecular ions NO* (75%) and OF (25%) with the best possible height
and time resolution. '

As the composition is a ‘difficult’ parameter in the sense of Chapter 5, we chose
to do the analysis in the way outlined there; the Ot content was fixed at different
values and the other 3 standard parameters (N, T;, T, /T;) were then fitted to the
data together with the ion velocity; the collision frequency was supposed to be
zero. The analysis outputs were the best fit values of the other parameters, their
error estimates and the fit residuals given as a function of composition. As it may
be shown that the total a posteriori distribution is a product of the ion velocity a
posteriori distribution and that of the rest of the variables, we can use the results
of Chapter 2 as if the velocity was known to be zero. The true number of fitted
parameters 1s nevertheless 5.

The fits were performed on data postintegrated to roughly 20 minute dumps.
The basic height resolution was about 4 km, and the separation between the gates
was 1.5 km. The final composition results were then derived using the results of
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Chapter 5 to combine calculated a posteriori densities of ion composition for further
height and time integration in order to achieve better resolution for the composition.

This work is a co-operation of Ingemar Higgstrom, Tauno Turunen, Markku
Lehtinen and Matti Vallinkoski. The basic specification of the sampling rates,
pulse lengths, code lengths and other technical data was based on the methods
described in Chapter 2. The practical experiment design was limited by the existing
EISCAT hardware, which has certainly not been designed with alternating codes
in mind. A possible practical solution fulfilling the calculated lag resolution and
lag extent requirements was found by Tauno Turunen and Markku Lehtinen. The
actual experiment programming for the EISCAT radar was done by Tauno Turunen
and Ingemar Haggstrom; Ingemar Haggstrom performed the decoding and the first
phase of the analysis. The second phase of the analysis combining the calculated a
posteriori densities was then performed by Matti Vallinkoski and Markku Lehtinen.
The results of this second phase will be presented in the following Sections.

6.3. Design of the experiment

The design goals of the experiment were the following:

1) The lowest gates taken into account should be in the region where one can
safely neglect the collision frequency.

2) The positions of the first zeros of the ACFs can vary between about 100us and
about 20us, equivalent to jon temperatures anticipated to lie between 300 K
for purely molecular ions and about 3000 K for pure OF with temperature

3) The experiment should have a resolution of the same order as ordinary pulse
codes or even better, so that the parameter mixing errors will not become too
serious inside the basic scattering volume.

The collision frequency can be set to zero above 120 km, which is therefore
about the lowest altitude we can use. The maximum lag extent must be smaller
“than the total code length, which is limited by the fact that the transmission must
be well off before the front end of the scattered signal reaches the radar, about
400-500ys. The minimum required lag extent may he obtained by repeating the
calculations of Chapter 2 for a 4-parameter fit using as the basic temperature
Ty = 300 K. There it was shown that the minimum possible temperature T,;, for
which the errors are still in the stable region is determined by the lag extent, ¢.e.,
the behaviour of the ACF derivatives for large lags. If we want Ty, = 300 K for
purely molecular ions, p(O1) == 0%, the lag extent requirement is easily satisfied
for the worst case T, /T; = 1. If we add some admixture of OF, the shoulder due to
the lighter O moves to higher lag extent values. Fig, 18 (upper panel) shows the
behaviour of the errors as a function of the lag extent for p(O*) = 30%, which is
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a plausible estimate for the maximum amount of Ot for this temperature. We see
that the errors are reasonably stable down to a lag extent of about Ar 3 7y where
70”3 100us, which gives the minimum temperature T < Ty for all lag extents
At 2 379. On the other hand, the high temperature end means 6000 K for purely
molecular ions. The lowest value for T}, is obtained for T /T = 2 (Fig. 18, lower
panel). As shown in Chapter 2, the highest possible temperature for which the
fit errors are still in-the stable region is determined by the lag resolution, .., the
behaviour of the ACF derivatives for small lags. The lag resolution requirement is
seerl to be reasonably well satisfied up to about dr » 0.579, which gives the desired
maximum lag resolution d7nes = 0.5 794/Ts/Tprae ~ L1us. The values satisfying the
above requirements and used in the experiment were dr = 10us and A7 = 390us
(denoted by the arrows in Fig. 18). The lowest gate was chosen to be about 125 km.
Thus requirements 1) and 2) are satisfied.

"The simplest solution for requirement 3) would then be to have an alternating
code consisting of 10pus pulses, which is a typical number in ordinary pulse codes
(the smallest possible pulse length in the EISCAT UHF radar is 2us). As it was not
possible to use 32-bit alternating codes with 10us pulses with the present EISCAT
hardware, we solved the problem by using a 16-bit alternating code with 30us pulses
but with 10us sampling interval, #.¢., the lag increment is one third of the bit length
30us. We may thus define a fractional lag to be a lag whose length is a fraction of
the bit length, and ¢ main lag to be a lag whose length is an integer multiple of
the bit length. The main lags are therefore in this case multiples of 3 (lengths
multiples of 30us), and all other lags fractional lags, like lags 1,2,4,5 7.8, ...
(lengths 10,20,40,50,70,80,... us). The total code length thus became 480us, but
the ACKFs were sampled only up to 390us; the lag statistics for 390us also became
better than in the more straightforward solution, as the number of independent
lag estimates from an alternating code goes to zero as the lag extent approaches
the total pulse length, and we now get four independent estimates for the last lag
instead of just one. The use of fractional lags and a longer pulse also results in larger
scattering volumes giving better statistics, but the possibility of using fractional lags
with their narrower range ambiguities still makes high resolution possible in cases
where one can otherwise loosen the requirements of accuracy. Thus, this experiment
1s a ‘multiple-resolution’ experiment. ,

In Fig. 19 we have calculated the resulting errors of the 4-parameter fits for
the actual lag distribution used in the experiments. The calculation is documented
m the Appendix. In reality, the number of zero lag estimates is two, but with the
variance being twice that of the other lag estimates and with the hlgher statistical
weights for the other lags (45,30,15,14,14,14,13,...) we get a good upper limit
to the error estimates by simply neglecting the zZero lag It is seen from the curves
that the temperature limits estimated above conform well with this more exact
calculation. The calculation was done with p(O%) = 0% and for the two extreme
values of the temperature ratio, and it was assumed that the zero lag data was
not used at all. The large errors in the low temperature end are due to the smaller
statistics at large lags; in the last seven 30us pulses, only the last 10us were sampled.

In Fig. 20 we have calculated in a similar way the resulting parameter fit
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errors as a function of composition. Also this calculation is documented in the
Appendix. We see that around p(O1)=35% the errors become very large. This
fact may be seen in the a posteriori plots for actual data. Interestingly enough, a
similar curve for fixed electron density has been presented in Lejeune (1980) in an
almost unavailable report on the basis of a crude model just consisting of rectangles
for the incoherent scatter spectrum.

6.4. Experiments

The first short experiment was run at the EISCAT incoherent scatter facility
on 30 April 1987. Tt lasted for three hours, but only three 20 minute intervals proved
to be free of technical errors due to exceptionally high data rates and correlator
dump rates. After that, the experiment was repeated on 4-5 October 1987 using
swedish special programme time starting at 07.00 UT on 4 October 1987, and on
4-5 January 1988 using Finnish special programme time starting at 15.00 UT on
4 January 1988. These experiments succeeded well and produced over 20 hours of
alternating code data each. The geomagnetic conditions for the experiments were
rather different: the April run was the most quiet with a K, index value of 1—,
the October run more disturbed with an average K, index value of 24, and the
January run was done during a weak polar cap absorption event with an average
K, index value of 3+.

Due to the limifations of the present EISCAT correlator (it is impossthle to
enter codes or make subtractions) each of the 32 codes was transmitted in a separate
radar controller program which was changed and recorded to tape every 2 seconds
so that the whole cycle was completed in 64 seconds. With a sampling interval
of 10us we obtained 19 lag profiles with 10us lag intervals from 0 to 180us, and
in addition to that 7 lag profiles with a lag interval of 30us from 210us to 390us.
Using four frequencies it was possible to add two 30us single pulses to be used as
power profiles and zero lag estimation.

In all, from the lag profiles it was possible to form 114 ACFs ranging from
125 km up to 300 km altitude, each with a height resolution of about 4 km and a
range increment of 1.5 km. The transmitting antenna was pointing along the local
geomagnetic field line.

An example of a measured ACF with the corresponding measured and fitted
theoretical spectrum is presented in Fig. 21. The integration time is 256 s and the
height 206 km. The first minimum of the ACF is due to the fact that the scattering
volumes of lag 1 and lag 2 are much smaller than those of the main lags (with ratios
of /& 0.40 and 0.75) and that the scattering volumes of the other fractional lags are
slightly larger (ratios 2 1.15). ‘
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6.5. Decoding of the data

The easiest way to understand how the decoding is performed is to start from
the lagged profile or UNIPROG matrix (Ho et al., 1983). The code pattern is set
on the axes and the matrix is formed by cross-multiplying the pattern. Fig. 22a
shows an example for one of the patterns used in the 4-bit code. If the data is
stored in the same way, the decoding is done by putting the code matrix on top of
the data matrix, and the decoding elements give the signs to the individual lagged
products in the summation. The next gate is then decoded by sliding the code
matrix one step along the diagonal of the data matrix, so that the code matrix
works as a filter through which the lag profiles run (Fig. 22b). For fractional lags,
we have to leave gaps in the code patterns, the length of the gaps being equal to
the number of fractional lags between each main lag. Fig. 22¢ shows an example
with the 4-bit code where the lag increment is one third of the bit length. Each
one of the filter coefficients is in that case spread out in the usual way as for a
double pulse code like a butterfly with the main lag coefficients in the middle. For
the main lags, we know that the ambiguity functions are the same as for a single
double-pulse code with the appropriate separation; in order to calculate some of
the fractional lag coefficients, we have to use the ambiguity functions of the two
different two-pulse codes corresponding to the two closest main lags. These can
then be added or either one of them skipped according to the size and shape of the
scattering volumes and the resulting statistical errors, which we want to minimise.
The shape of the scattering volume of the fractional lags is different from that of
thie main ones, but their range coverage is the same.

In our case, we chose to add the overlapping contributions for the fractional
lags, except for lag 1 and lag 2, where there is no overlap (the only contributing
two-pulse code is the one with 30us separation). The reason for doing this is that
then the number of estimates for each of the scattering volume sizes is the same
and this makes the analysis procedure easier.

6.6. First phase analysis

The basic analysis was performed by caleulating theoretical ACFs with filter
and waveform corrections and then fitting these values to the measured and decoded
ACF wvalues. In the fits the variances of the measured and decoded values were
estimated in order to be able to give correct weights to the lags. For alternating
codes all background noise and correlated clutter is automatically removed by the
decoding process (their averages go to zero), but they still contribute to the variance
of the ACF estimates. Zero lag data was only available from the two single pulses,
since the zero lag deconvolution (see Lehtinen and Huuskonen, 1986) is not included
in the standard analysis packages. '
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In our case, we decoded all ACFs before starting the analysis, and for the
variance calculation we added the correlated clutter and the background noise to
the decoded ACFs. The clutter was estimated from the neighbouring gates with a
longer range for short lags. '

The waveform correction was done in the time domain by the commonly used
so-called ‘pulse ACF’ method. The pulse ACF for alternating codes is somewhat
more complicated than for multipulse schemes and is shown in Fig. 23 for the 4-bit
case. Each main lag has its own pulse ACF with the same form as if two pulses,
with the same length as the bit length, were transmitted with a separation of that
lag, except that the contribution from the correlation inside the pulses themselves
is missing. This means that the standard way of correcting the theoretical ACFs
(multiply with the pulse ACF, transform to the frequency domain, multiply with
the receiver filter form and transform back to time domain) becomes very time
consuming, as this has to be done for all the main lags separately. Since this whole
operation is a linear mapping from spectra to measurement space, it could be done
far more effectively by calculating first the matrix of the mapping, which depends
only on the experiment, and then just a matrix product. This will be implemented
in the analysis package currently under development.

In the integration process, the satellite echos in the background were removed.
If a satellite was detected in the signal part of the data, the whole 2-second dump
was skipped, as the alternating code technique would fail for too many gates in such
a case and make the ion composition determination impossible. On the average
about 4 satellite echos per hour were detected. The data was integrated to 20
minute dumps and in each gate the electron density, electron and ion temperatures
and ion drift velocity were fitted for a fixed ion composition varying from 0 to 100%
O% in steps of 5%.

6.7. Results

We have applied the methods developed in Chapter 5 to the first-phase
analysis results described above. As the present first-phase analysis package does
not output the whole estimated error covariance matrix of the fit results, but only
the diagonal elements, we have reconstructed the off-diagonal elements by using
the correlations calculated in Chapter 2. This may cause some error in the results
and can only be corrected by generalising the standard analysis package used.
However, we believe that these errors are so small that they do not change the
overall behaviour of the results. We also have to assume that the information
matrix Qy of the whole integration volume V from (4.25) is constant.

In Fig. 24 we show the results of the second phase of the analysis of the
ion composition for the three 20 minute dumps measured on 30 April 1987. It
was supposed in all calculations that the dependence of the gradients on height
was linear; assuming independence of height produced similar results. In panel a),
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we have performed a height integration over 5 consecutive gates and in panel b),
the height integration is over 10 gates. The time integration is over all available
three dumps, that is, one hour. The time integration was necessary to make the
distributions sharper. The basis for the time integration as well as for the range
integrations is that the ionosphere is stable during this period, as could be seen
in the colour panels showing the analysis results of the 256-second data. The
a posteriori distributions in panel a) are rather broad, but the additional height
integration performed in b} has made the distributions much sharper. We may say
that in this case the integration is justified by the results. In panel b), the half-
widths vary from +£2.5% to 6%, except for p(OF) > 25%, where they are larger
(but still less than 10%) in accordance with the curves in Fig. 21.

In Fig. 25 results from the experiment on 4 October 1987 are shown. The a
posteriori distributions are integrated over 6 dumps and 10 consecutive range gates
each shown in the four panels. The electron densities are small in this experiment,
especially after 16 UT, leading to a worse SNR and thus to broader a posteriori
densities than in the previous experiment. As is seen from the colour panels {(not
reproduced here), the ionosphere remained reasonably constant during the periods
shown in this experiment, so that the integration times during these periods may be
justified by the data. The longest period is in panel d), and it is seen that there the
electron density was very low, and the resulting a posteriori densities very broad.

In Fig. 26 results from the experiment run on 4-5 January 1988 are shown,
integrated over 6 dumps and over 10 range gates each. The ionosphere may not be
termed stable during this experiment, and this fact is apparent in the two panels
shown. Some stability is seen in the higher gates, where also the electron density
and thus the SNR are significantly higher.

6.8. Discussion

The colour panels (not reproduced here) with 256 second integration time
and 1.5 km gate separation demonstrate clearly how powerful the alternating code
method is in the the ordinary 3-parameter plus ion velocity fits. The difficulty
of determining also the ion composition accurately is clearly seen in the previous
examples, although the alternating codes are about the best measurements one can
do. The difficulty is known from earlier experiments, e.g. Lathuillére et al. (1983b),
where in a long-pulse (360us) experiment the altitude resolution was 54 km and
integration times one hour. The accuracy of their final composition fit results was
not discussed. Our range resolution resulting from the integration of ten consecutive
gates is about 20 km, and the integration time the same, and we know the accuracy
of our results. However, the alternating code measurements described here were
not made to optimise the height resolution, but to show the viability of alternating
codes. If one wanted to aim directly at a final height resolution of about 15 km,
then this would have been possible e.g. with 100us pulses, a 4-bit alternating code,
resulting in an improvement of (100/30)? in the measurement speed as defined in
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Lehtinen (1986). The time integration eats up one power of this speed, so that the
final improvement in integration time would be 10/3. This means then that the
actual numbers to compare here would be 20 km vs. 54 km and 18 minutes vs. 60
minutes, and still the same very small errors vs. unknown estimates. Therefore,
we believe that we have demonstrated that it is indeed possible to determine the
composition to a high degree of accuracy, less than 10%, and if necessary, with a
good height and time resolution with the present hardware and with a standard
analysis package. In the analysis package currently under development, where also
whole covariance matrices are output and the filter corrections are done correctly,
we believe we shall even be able to improve the results shown above considerably.
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Appendix. IS spectrum, ACF, derivatives and error routines
A.1, Introduction

The purpose of this Appendix is to give the complete source codes of the standard MATLAB user routines
with which the calculations of the present work have been carried out. The rontines are documented, so
that the potential user may tailor them to suit one’s particular tastes. All the routines have been tested
and used in PC-MATLAB; the routines including calculations of second derivatives may turn out to be so
time-consuming that it is preferab]e to use the faster Mac II-MATLAB or 386-MATLAB or any equivalent
version without severe memory limitations, like Pro-MATLAB in VAX computers, SUN workstations &c¢ o
calculate and store these derivatives for later use,

A.2. The calculation of the IS spectrum

The IS spectrum subroutines, the ACF routines, their first and second derivatives are given. The
general spectral formula and its ca,lculatlon are given for the non-magnetic case with any number of ions.
All populations are assumed to be Maxwellian, with speeds and temperatures independent of each other.
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where 0p = w/wp. In the following, we need also 4y = v/wy, where v = v;, is the ion-neutral collision
frequency. The definition of the collision frequencies follows Schlegel (1979).
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The spectrum is developed to a form symmetric with respect to electron/ion populations. All parameters
are relative to the reference parameters mg, Ty and Ng.
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For collisional cases and with Doppler velocities taken into account the arguments in the y and u
functions should be replaced by
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The spectrum calculation relies on the specification of a transformation function transf(p) whose
output should he a series of MATLAB vectors specifying the different ton species. The ions are indexed
starting from 1 and the last element in the vectors is for the electrons.

nin0{i) = N;/Ng
tito{i) = T3/Th
mim0(i) = my/mq
pei(i) = o
kd2{i) = (Kyeae Do)’

vi{i) = v /v

The calculation of the spectruim for arbitrary drifts, temperatures or an arbitrary number of ions is the
following vector operation allowing the calenjation of the spectra for a set of input parameter vector values
p. The argument om is the scaled variable fy = w/fwy given as a column vector,

%
%

spec.m
The incoherent scatter spectrum without the magnetic field.

s=spec(p,om,outf1ag);
function s=spec(p,om,outflag};

t0=clock; f0=flops;

[ns,npl=size(p);

tt0=clock; ff0=flops;

for i=1i:ns,
[nin0(i,:),tit0{i, ), mim0(d,:},psi(i,:),kd2{i),vi(i,:)I=transf(p{i,:)};

end;

fprintf(’time used in transfs %g, fleps=Yg\n’,etime{clock,tt0),flops-Fi0};

if nargin>2, format compact; nrind, tit0, psi, mim0, kd2, vi, end;

j=sqrt{-1);

[ns,nion]=size(mim0); nion=nion-1i;

nom=length(om};

oma=zeros(nom, {(nion+1)*ns};

ua=oma;

ya=oma;

gam=zeros(ns,nion+1);

for is=1:ns, for i=1l:nion+i,
icol=is+(i-1}#*ns;
gam(is,i)=sqrt(mim0(is,i)/tit0(is,1));
oma(:,icol)=(om-vi{is,i))*gam(is,i);
uva(:,icol)=cma(:,icol)-j*psi{is,i};

end; end;

tt0=clock; ffG=flops;

ua=pldfi(na);

fprintf(’time used in pldaf =%g, Tlops=¥g\n’,etime{clock,tt0),flops-110);

for is=l:ns, for i=l:.nion+i,
icol=is+{i-1}#*ns;
una(:,icol)=-j*ua(:,icel)./(1+psi(is,i)*j*ual:,icol));
ya(:,icol}=(jtomal:,icol}.*ua(:,icol) )*(nin0{is,i)/tit0(is,i});
uva(:,icol)=ua(:,icol) *gam{is,i)*nin0(is,i);

end; end;

for is=l:ms, ya(:,is)=ya(:,is)+j%kd2(is); end;

yaa=zeros(nom*ns,nion+1); '

yaa(:)=ya; ya=yaa’;

yaa(:)=ua; ua=yaa’';

s=(abs{ya(nion+1,:})."2).*sum{real(ua(l:nion,:)));
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s=g+{abs(sum(ya(l:nion,:)))."2) . *real(nalniont+i,:));
s=(s./(abs(sum(ya)}."2)) ' /pi;
yya=zeros(nom,ns); yya(:)=s; s=yya;

fprintf(’total time used =¥%g, flops=ig!,etime({clock,t0),flops-£0};
fprintf(*, points calculated=Yg\n',nom*ns};
end;

The value # = £1 willi one ion and no drifis or collisions is exactly the ion line position.

Transformation function from nser parameters to plasma parameters. A call transf{’names*) should
relurn a MATLAB array of names to be used for all the parameters and transf(’namesg’ ,n) should return
{he name of the n’th parameter p{n). I is the responsibility of the user to take care of this if he/she wants
to change the parametrization. I'he nane strings are used for all output and labelling purposes.

The loliowing form is for lwo ion species with equal temperatures and drifts, namely the molecular ion
with mass 30.5 u and the OF with mass 16 u; also, for example, H with mass 1 u and metallic ions, like Fet
with mass 56 may be added, but this will make it difficult to perform the spectrum calculations vectorially.
The basic parameters Ny, Ty and sy are conlained in the file bp.mat, and the physical constants in the
file pars.mat. The radar frequency £ is fixed to be the EISCAT UIIT frequency 933.5 MHz, and the wave
number K is for backscatter. The inttialisation is done in the following separate script m-file.

% specinit.m
% the EISCAT UHF calculation initialisation of parameters.
% A1l relevant parameters will have to be declared global.
% The basic parameters are in the MATLAB files pars.mat
% and bp.mat on disk and can be easily modified. The plasma
% dispersion function is tabulated in pldfv.mat.
%
% The values used are
Y% NO=1e+11;T0=300;m0=30.5;
% lightspeed=2.99792458e+8;fradar=933.5e+6; epsilon0=8.86419e-12;
% elcharge=1.6021892e-19;kB=1.380662e-23;u=1.660565e~27;
% me=5.485804e-4 u;mp=1,007277 u;
% me=9.109536e-31 kg;mp=1.672649e-27 kg
%
load bp;
NO=bp(1);TO=bp (2} ;m0=bp(3);
%
load pars;
lightspeed=pars(1);fradar=pars(2);epsilon0=pars{3);
elcharge=pars(4);kB=pars(5);u=pars(6);
v o
kscatt=4*pi*xfradar/lightspeed;
vO=sqrt (2*kB*T0/ (m0*u)) ;
omO=kscatt+v0;nul=omd/(2*pi);tand=pi/(2%omd);
D2=kB*epsilon0*T0/(N0*elcharge™2);
%
[lenp,n]=size(transf(’names’});lenp=lenp-1;
clear lightspeed fradar epsilon0 elcharge kB un
v .
load pldfw
global pldfv lenp m0 NO TO kscatt v0 om0 nuld taul D2;

The function itsell

% transf.m

% Function to transform user parameters to spectrum parameters
%

% [nin0,tit0,mim0,psi, kd2,vil=transi{p,np);
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%
function [nin0,tit0,mim0,psi,kd2,vil=transf(p,np);
%
if isstr(p),
ning=[’Ne/NO *,

Ti/fTO ),
"Te/Ti 7,
‘nu/nud’,
g+ 1,
ry/v0 '3,
if nargin>1, ninO=nind(np,:); end;
olse,
load bp;

mi=bp(3) ;m2=bp(4);
%

load pars;

me=pars(7);

%

kd2=kscatt"2*D2; . % (xDO)-2
psi0=p(4)./(2*pi}; % psio
%
nin0(3)=p(1); % Ne/NO;
nin0(1)=p(1)*{1-p(5)); % Hi/Ne
nin0(2)=p(1)*p(E); % N2/Ne
tito(1)=p(2); % T1/TO
£it0(2)=p(2); % T2=T1
tit0(3)=p{(2)*p(3); % Te/TO
mimG(1}=m1/mo; % mi1/m0
mim0(2}=m2/m0: % m2/mo
mim0(3)=me/mo; % me/m0 from u
vi(1)=p{(8); % v1/v0; v0=phase velocity om0/kscatt
vi(2)=p(86); % ve/vo
vi(3)=p(8); % ve/v0
psi(1)=psi0; % psil
pei(2)=psio; % psi2=psil for all temperatures
psi{3)=psi0*0,35714; % psie independently of Te/Ti

end;

The following function is used to interpolate the plasma dispersion function values. Lagrangian in-
terpolation is used. If the function values g; are given at argument values ®;, the Lagrange interpolation
polynomial is given by

N _ ' N
P = A z_: (z — z;) ﬁ(x; —z;) thn with A=) = 1]1(3 s

1 il =
d ig]
.

The error term is given in a number of cases by

Ram60.125 A~8.15107%:
Ry20.024 A*1.411078

Rem0.0042A527.00 1075
Rs~0.0011A%22.96 107,

where the finite differences are approximately given by A?xf(*)(Az)*. The numerical values calculated
correspond to the maximum value for the real part of the plasma dispersion function with Az = 0.075.
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Four-point interpolation is used. If the user wants to use six-point interpolation instead, the parameter
accur must be set to G below.

% pldfi.m
% Plasma dispersion function interpolation

% res=pldfi(z)
function res=pldfi(z),

accur=4;

res=z;

z=z(:};

f1=find( abs(real(z)) >=3.9 | imag(z) <= -3.5);

f2=find( abs(real(z)) < 3.9 & imag(z) > -3.5 & imag(z) <0.0375 );
3=find{ imag(z)} >= 0.0375);

if max(size(f1))>0, z(f1)=pldfas(z(f1),accur+2); end;

if max(size(£3))>0, z(£3)=pldf(z(£3)}); end;

if max(size(£2)) >0,

x=abse (real(z(£2)))/0.075+4;

fi=find(real{z(£2)) < 0);

y=a-imag(z{£2))/0.075;

p=x-floor{x)-sqrt (~1)*{y-round(y)};

x=floor(x)+61*round(y); ' index for linear pldfv table lookup

it accurs=4,
y=(p=1}.%(p-2} . #( {(-p/3) . *pldfv(x-1) + {(p+1).*pldfv(x) );
y=(y+p.*(p+1) . *( (2-p) .#pldfv(x+1) + ({p-1)/3).*pldtv(x+2)) )+.5;

elseif accur==6,
p{find(abs(p-round(p))<=1e-99))=p(find(abs{p-round(p) }<=1e-99) ) +26-99;
y=(p1dfv(x+3)./(p—3)—p1dfv(x—2)./(p+2))/10+pldfv(x+1)./(p—i);
y=y+{pldfv(x~1)./(p+1}-plafv(x+2)./(p-2))/2~pldtv(x)./p;
y=y . *(p-3) . ¥(p-2) . *{(p-1) . *p. *(p+1) . *(p+2)/12;

end;
y(f1) = -conj( y(f1) ):
z(£2)=y;
res{:}=z;
end; % if max(size(f2)} >0

The definition of the plasma dispersion function & used here is

H o

Len
pldf(z) = 23_’39/682 + é.\/‘:*Fc""‘g = 23'/8"2'2i‘3dt = 2£e"’2/e"‘?dt,
[i] i] iz
and for the set of values specificd by the inpul vector z, the function returns a set of values specified by the
oulpul vector.

% pldf.m
% complex plasma dispersion function / Markku Lehtinen 10.3.1979
%

% accuracy: 8 numbers in the whole complex plans

% (main algorithm accurate to le-12, accuracy is

% limited by subroutine cerfexp and numerical accuracy)
" :

% method: approximation described by Salzer in

% Math. Tables Aids Comput., Vol. & (1951) pp. 67-70.

% The same formula appears in



70

Appendix. I8 spectrum, ACF, derivatives and error routines

- Abramovitch-5tegun p.299 formula 7.1.29.
(the exponentials in the formulas have been written
in a slightly modified way to get rid of unnecessary
overflows)

res=pldf(z);
function res=pldf(z);

if max{size{z))s=1, res=0; else, res=zeros{(z); shd;
[nrow mncoll=size(z);
j=sqrt{-1);
for irow=1:nrow, for icol=1l:ncol,
zl=—j*z{irow,icol);
x=real(zl};
y=imag(z1};
if {abs{2#x*y)<30000),
cs=cos(2%x+y) ;
sn=sin(2%x*y);
else,
¢8=1; sn=0;
end;
pisqr=sqrt(pi);
fn=max(1,floor(abs{2*y))-11}:floor(aba(2%y)})+11;
termi=exp(-fn.*fn/4-y*y);
if max(abs(termi))<1e-100, termi=zeros{fn); end;
term2=exp(-(fn/2-y).*(fn/2-y)3}/2;
term3=exp(~(fn/2+y) . *(fn/2+y)})/2;
factor=ones (fn}./(fn.sfn+d*x*x)};
sume=sum(factor.*(termi*cs—term2-term3))};
sunf=sum(factor.*(term1*2*x*sn+fn.*(term2-term3)});
if (abs(x*y)<le-4),
el=(-exp(-y*y) *xxryry/2+2¢x*gume}/pisqr;
fi=(exp{-y*y)*y/2+sumt)/pisqr;
alse,
ol=(exp(-y*y)*{(cs-1}/4/x+2*x*sume) /pisqr;
fi=(exp(-y*y)*sn/4/x+sumf}/pisqr;
end;
if abs{el)<1e-100, el1=0; end;
zi=2*j*{el+j*f1)+i*pisqrrexp(-y*+y)*(ca+j*an)*cerfexp(-x);
res(irov,icol)=z1;
and; end,;
end;

The Lehtinen function

% cerfexp.m

A
%
%
%
%
%
A
%

%

Approximation for the function (1-erf(x))*exp(x*+2) with
accuracy le-8 for all x. Method: power series for

erf(x} for small x, asymptotic continued fractions expansion
for large x (Abramovitz-Stegun formula 7.1.14)

Harkku Lehtinen 2.7.1979

ras=cerfexp(x);

function res=cerfexp{x);
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xi=abs(x);
8QX=X*X;
if (x1<1.),
tail=0.; .
texrm=sqx*sqx/10.;
erf=1,-sqx/3.+term;
for n=3:12,
term=—tearmksqgx*(2*n-1.)/(2%n+1.}) /n;
tail=tail+term;
end;
erf=(erf+tail)*x+2, /sqrt(pi);
res=(1-exf)+exp(aqx);

elsa,
dum=0;
for n={55:-1:1),
dum=n/2/ (dum+x1);
end;
res=1/{dum+x1)/sqrt(pi);
if (x<0), res=2%exp(sqx)-res; end;
end;
and;

The asymptotic formula for the plasma dispersion function is

and the expansion is valid for z not close to positive y-axis. We must require that |arg z — 7 /2| > w/4.

A
%
%

pldf(z)mz (1 + /25 + 1. 3/(2%)2 4+ 1-3-5/(2®)? + ..),

pldfas.m
asymptotic formula for the plasma dispersion function
n is the order of the expanszion

res=pldfas(z,n)

function res=pldfas(z,n);

%

The following function can be used to create diflerent tabulations of the plasma dispersion function

%
%
%
%
%

%

if max({size(z))==0, res=[]; return; end;

term=1;

ras=1;

for i=i:n,
term=termk (2+i-1)./{2%z,"2);
res=rest+term;

end;

res=res./z;

pldftab.m
function to create the plasma dispersion function table

res=pldftab(dx,dy,nx,ny,nxl,nyl);
function res=pldftab{dx,dy,nx,ny,nxi,nyt);

res=zeros{nx*ny,1);
for i=1:nx, for j=1l:ny,

res(i+(j-1)*nx,1)=pldt( (nxi+i-1)*dx taqre (1) *(ny14j-1)*(-dy)

and;

71
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The following m-file was used to create the present pldfv. The tabulation interval is 0.075 in both direc-
tions, three x-values below zero, first y-value zero, 61 x-values leading to last value being (61-4)*.0756=4.275
and 48 y-values leading to last value being -47*0.075=-3.525.

% pldftabb.m _
% script file to create and save the plasma dispersion function table
% :
pldfv=pldftab{0.075,0.075,61,48,-3,0);
save pldfv pldfy;

A.3. The calculation of IS autocorrelation function and its derivatives

The autocorrelation function {ACF) subroutines are calculated in the non-magnetic case for two ions
with zero drifts. All populations are assumed to be Maxwellian. We restrict our considerations to the case
of the EISCAT UHF radar. For other radars or more ions, specinit has to be modified.

The ACF is the Fourier transform of the incoherent scatter spectrum. The present restrictions lead to
a spectrum which Is symmetric with respect to the origin (zero Doppler shift} in frequency. The Fourier
transforms are calculated by the FFT algorithm in MATLAB. In practice, this means that one cannot specify
arbitrarily both the spectral resolution dw with which the spectrum is calculated and the lag resolution dr
of the ACF, They are connected by the formula '

27
Nipi

durdr =

where Nyz is the total number of points in the FFT, which in practice has to be a power of two. The
spectral resolution may be defined as dw = wo /N, and the lag resolution as dr = 19/ N, where wy gives the
scale of the basic ion line position and by 7y — 7/2wq the scale of the position of the first zero of the ACF
(when the effect of the ion—neutral collision frequencies is small). Technically, when the positive part of the
spectrum has been calculated al N poinis where N is a power of two, the spectrum has to folded to become
symmetric around the origin. Since the the origin can appear only once, one needs an ’extra’ point to have
an FFT with a total of 2N points. When we use N instead of Ngj,, then the above equation will become

N =2N,N:.

Usually one wants to specify the lag resclution dr first. Then both N, and ¥ will have to be determined;
since N has to be a power of two, it is uselul first to specify the minimum spectral resclution dw,;p, and then
find the smallest possible N¥. The resulting spectral resolution wilt then be at least dwmin. For the specific
values considered in Chapter 2, we have ¢.g4. for N,2.5, dr=40us, and N = 32 with N,~6.5; for the case
Ny = 10, dr10ps, and N — 128 with N,=6.5; dr=z10ys already serves as an infinitely good lag resolution.

The calculation of the corresponding ACF without drifts is done by the following m-file. Note that
since the frequencies w are a column vector, the spectrum is given as a column vector. Qtherwise the flipx
routine would have no effect. Note that the frequencies w are defined to be non-negative.

% acfcalc.m

% The ACFs of the spectra with N+1 points. The function returns
% the ACFs along with the lag axis specifications. The parameter
% values are all contained in the matrix p comsisting of the
% parameter value row vectors (Ne/NO,Ti/TO0,Te/Ti,nu/nu0,p{0+)).
% The zero drifts are appended to p within the routine.

% [res,lagx]=acfcalc(p,¥tau,N)
function [res,lagx]=acfealc(p,Ntau,N);

pp=zdrit(p);
domQ=24Ntau/N;dtau=1/Ntau;



A.3. The ealewlation of IS autocorrelation function and its derivatives 73

om={0:N) *+dom0;
sp=spec(pp,om};
[m,n)l=size(pp};
for i=i:m,
ssp(:,i)=[sp{1:N,1); fllpx(5p(2 N+1, 1))].
end;
clear sp;
at=fft(ssp);
res=domO*real(af(1:N,:));
lagx={0:N~-1)'*dtan;

The first derivatives needed in the linear inversion calculations in Section 2 are calculated by the following
m-file for a single given parameter veclor without drifts. The parameter values are given by the vector
pvec comsisting of the parameter value row vector (N, /ND,T/TU,T/CI".,V/UQ,;}(O"")) The vector h=incr
contains the values of the increments used in estimating derivatives at the given point x0=pvec:

(ﬂ) - f(-’u'.?o-l'hi.l)_f(fﬂu—hi)
g fw=en T 2h; '

Note that there is no increment for drifis and that the lag ‘axis has to remain the same for all ACFs in the
calculations (same scalars N and Nfft). The zero drilts are appended to p and incr within the routine. The
following form is for those versions of MATLAB where there are in practice no severe memory limitations.
If this routine produces out of ineinery —messages, the routine deriact c must be used. The calls to routines
derfacfc and derlacfc may otherwise be freely interchanged in all subsequent routines,

% dertacfc.m
% The derivatives of a given single ACF calculated as a vector operation.
% The function returns the derivatives with the lag axis specifications.
% The parameter values are given by the parameter row vector pvec.
% The row vector incr contains the values of the incremants used
% in calculating the symmetric derivatives at the given point pvec,
% The zero drifts are appended to p and incr within the routine.
%
% [res,lagx]l=derCacfc(p,Ntau,N,incr)
L}
A .

function [res,lagxl=derfacfc(pvec,Ntan,V,incr);
%

p=row(pvec);inc=row(incr);

n=length(pvec};

inc0=diag(inc};

inci=kron(inc,ones(N,1});

pi=kron(pvec,ones{n,1))+inc0;

p2=kron(pvec,ones(n,1)}-inco;

pl=zdrit(pi};

p2=zdrft(p2);

[acfi,lagx]=acfcalc{pi,Ntau,N);

[acf2,lagx]=acfcalc{p2,Wtau,N);

dacf=(acfi-acf2)./(2+incl);

end;

res=dact;

and the following form is the poor mait’s version calculating one derivative at a time:

% derlacfc.m

% The derivatives of a given single ACF calculated one at a time.

% The function returns the derivatives with the lag axis specificatioms.
% The parameter values are given by the parameter row vector pvec.
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% The vector incr contains the values of the incremenis used
% in calculating the symmetric derivative estimates at the given point pvec.
%
% [res,lagx)=deriactc(p,Ntau,N,incr)
%
function [res,lagx]l=deriacfc(pvec,Ntau,N,incr);
%
p=row(pvec);inc=row(incr);
n=length(p);
pO=kron(p,ones(2,1)};
for i=1:m,
pl=p?;di=incr(i);
p1{1,i)=p0{1,1)+di;
p1(2,i)=p0(2,1i)~di;
pl=zdrit(pl);
[act,lagx]= acfcalc(pl Ntau,N);
res(:,i)=(acf{:,1)~acf(:,2})/{2%di);
end; - '

The second derivatives are neaded in the second tﬁomenl— calculations in Chapter 4.
P
The second dervivative estimates are obtained from the symmetric formulae

aéf) _ (Ju+h‘)—2f( 0) + flwo — h)

3: hi '

for : = j, and

(2L a2y ) o flathith) - f(t-o+h,-hj) (@0 — hi + Ay} + Fzo — s ~!a3)
OwOx; " o=%0 : - 4hihy

for i£j.

The following routine calculates the second derivatives of an ACF. Only the poor man’s version is given.

% derzacfc.m

% The second derivatives of a given single ACF. The function returns

% the derivatives with the lag axis specifications. The parameter

% values are given by the parameter row vector pvec. ' '

% The vector incr contains the values of the increments used

% in calculating the symmetric derivatives at the given point pvec.

%

% [res,lagxl=der2acfc(p,Ntau,N,incr)

%

function [res,lagx]=derZacfc(pvec,Ntau,¥,incr);

'/. . .
p=row(pvec);inc=row(incr);
n=length(p);
pO=kron(p,ones(2,1));
ij=0;
for i=i:n

pl=p0;p2=pC;
di=inc(31);

% the diagonal derivatives
p1(1,i)=p0(1,i)+di;
p1(2,i)=p0(1,1i);
p2(1,i)=p0(1,i)-di;
p2(2,i)=p0(1,1);
ij=ij+1;
pl=zdrft(pl);
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p2=zdrft{p2);

[acfi,lagxl=acfcale{p1,Ntau,N);

lacf2,lagx}=acfcalc(p2,Ntau,N);

res(:,ij)=(act1(:,1)-acf1(:,2)+acf2(:,1)-acf2(:,2))/(di%di);
%  the mixed derivatives

pl(1,1)=p0{1,1)+di;

pl(2,1)=p1{1,1);

p2(1,1)=p0(1,i)-di;

p2(2,1)=p2(1,1i);

for j=si+i:n,

ij=ij+1;fprintf('round %3.0f\n’,ij);

dj=iner(j); '

p1{1,3}=p1(1,j)}+dj;

p1(2,j)=p1{2,j)-dj;

pl=zdrft(pt);

[acf1,lagx]=actfcalc(pl,Ntau,N);

p2(1,j)=p2{1,j)+dj;

p2(2,j)=p2(2,j)-dj;

p2=zdrft{p2};

[acf2,agx]=acfcale(p2,Ntau,N);
res(:,ij)=(acf1(:,1)-acf1(:,2)-act2(:,1)+act2(:,2)}/(4*di*d]j);
ond; :
end;

A.4. The error calenlation routines in Chapter 2

The error calculations require the caleulation of the Fisher information matrix ¢:
Q=5 +ATS 4,

where A is the derivative matrix of ihe ACTF calculated in the previous Section. The ACF noise level is fixed
to 1%, and the variance o is calculated from Eq.(2.24). The error tables Table 1 and Table 2 have been
calculated by the following routine, where also @ is output. The parameter Nlags is the number of lags
taken into account, and the vector pa is the a priori information vector: when the element corresponding
to a parameter is zero, the rows and columns in.the information matrix-are zero, and a nonzero element
denotes the standard deviation or the square root of the variance (accuracy). So e.g. a 10% accuracy in T}
means [0 0.1 0 0 0].

% errcalcl.m
% The routine calculates and ouputs the error tazble and the information
% matrix Q.
% The nser must choose the valuss of Ntau,N and incr
% for the derlacfc routine. The vector pa is the vector specifying
% the a priori widths of specified parameters. Zexo means infinite
% variance. Correlations are not taken into account.
%
% Lerr,Ql=errcalci(pvec,Ntau,N,incr,Nlags,pa);
%
function [err,Q]l=errcalci(pvec,Ntau,N,incr,Nlags,pa);
%
Q=errq(pvec,¥tau,¥,incr,Nlags,pa);
p=row(pvec);
n=length(p);
num=2"n;
err=zaros{num,n+i);
f=zeros(1l,n};
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mask=zeros(1l,n};
Y .

err{1,1:n)=p;

for i=2:num,
f=bits{f ,mask);
d=sqrt{diag(pcovar(Q,£))}’);
err{i,1:n)=d;
erx(i,n+1)=log(cond(Q(f,£)))/log(10);

end;

The actual values used were N=128, Ntau=10, incr(1:5)=0.0056 and Nlags=60. The help routines
bits.m and pcovar.m are listed at the end of this Appendix. :
The routine calculating the full information matrix @ is

% errq.m
% The user must cheose the values of ¥, Ntau, incr and Nlags
% as in the derlacfc routine. The vector pa is the vector spécifying
% the a priori widths of specified parameters, Zero means infinite
% variance. Correlations are not taken into account.
Y%
% Q=errq(p,Ntau,N,incr,Nlags,pa);
%
function Q=errq{p,¥tau,N,incr,Nlags,pa);
4
der=derlacfc{p,Ntan,¥,incr);
der=der(1:Nlags,:);
sigma=sqrt{Ntau)*0.5+0.01;
scale=sigma~(-2);
ata=sder '*der;
n=length(p);pi=ones(1,n);
apr=aprinfo(pa.pi);
Q=ata*scaletapr;

The routine caleulating the errors as a function of the sampling interval dr is the following. The input
needed is the same as for the derivative calculations plus Nlags. The parameters of the fit are given by the
mask vector £, where 1 denotes the parameter which is considered variable and 0 the parameter which is
supposed to be known. For the 3-parameter fit (N,,T;, Te/T;), the mask is thus £=[1 1 1 0 0]. The basic
lag length dr must be so chosen that it can represent the infinite sampling frequency. Since the matrices
(may) become ill-conditioned for large lag lengths, the parameter X denoting the last multiple of the lag
length taken into account is given interactively. The results are calculated with and without the zero lag.

% lagres.m
% The user must choose the values of Ntau,N and incr
% for the derlacfc routine.
% [erri,err0,lagx]=lagres(p,Ntau,l,incr,Nlags,f)
% .
function [erri,erx0,lagx]=lagres(p,Ntau,N,incr, Nlags,f)
./' .
der=deriacfc{p,Ntan,N,incr);
der=der(1:Nlags,:);
Jssum(£};K=input(’'longest lag used?’);
errl=zeros(K,J):
err2szeros(K,J);
lagx=(1:K)/Ntau;
for j=1:K
deri=der{i:j:Nlags,:);
a=deri1(:,f);
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Neff=Ntau/j;

sigma=sqrt (Neff)+0.5*0.01;

scale=sigma~(-2);

ata=a'*a;

ata=ata*scale;

erri{j, :}=sqrt(diag(inv(ata))’};
end;
for j=1:K

derO=der(i:j:Nlags,:);

M=size(der0);

a=derQ(2:M,1):

Neff=Ntau/j;

sigma=sqrt(Neff)*0.5+0,01;

scale=sigma” (-2);

ata=a’*a;

ata=ata*scale;

err0{j,:)=sqrt{diag(inv(atal))'};
end;

The routine caleulating the errors as a function of the longest lag used Ar is the following. The input
needed is the same as for the derivalive caleulations plus Nlags. The parameters of the fit are given by the
mask vector £, where 1 denotes the parameter which is considered variable and 0 the parameter which is
supposed to be known. For the 3—parameter fit (N,, T, T, /T;), the mask is thus f=[1 1 1 ¢ 0]. The basic
lag length d7T must be so chosen that il can represent the infinite sampling frequency. Since the matrices
(may) become ill-conditioned for small lag extents, the parameter K denoting the length of the first lag taken
into account is given separately. The results are calculated with and without the zero lag,

% lagext.m .
% The user must choose the values of Ntau,N and incr
% for the deriacfc routine.

% [erril,errd,lagx]l=lagext(p,¥tau,N,incr,Nlags,f)
function [erri,err0,lagx]l=lagext(p,Ntau,N,incr,Nlags,f)

der=derilacfc(p,Ntau,N,incr);
der=der(1:¥lags,:};
J=gum(f);K=input (’shortest lag extent used?’);
lagx=(K:Nlags}/Ntau;
M=length(lagx};
erri=zercs{M,J};
err2=zercs(M,J);
Neff=Ntau;
for j=K:Nlags
deri=der(1:j,:);
a=deri(:,f);
sigma=sqrt (Neff)}*0.5+0.01;
scale=sigma~ (-2);
ata=a’#*a;
ata=ata*scale;
err1(j-K+1,:)=sqrt(diag{inv{atal))’);
end;
for j=K:Nlags
der0O=der(2:j,:);
a=der0(:,1);
sigma=sqrt (Neff)*0.5%0,01;
scale=gigma~(-2);
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ata=a'#*a;

ata=ata*scale;

orr0(j-K+1, : )=sqrt(diag{inv{ata)})’);
end;

A.5. . The error caleulation routines in Chapter 4

The error routines are easity constructed {from the routines in used in Chapter 2. If the first and second
derivatives together with the full informaiion matrix have been caleulated separately previously into a .mat
file, they may be loaded from the disk directly. In that case, the variable names must have been declared
derl and der2. (The potential user's taste for names &c may be different. This is one possibility to use
previously stored variables.) The formnla containing the information matrix @ = ATE;1 A

b= w('ATE;‘l .r‘].)_lz‘l'r):};‘1 Z Ci; Covy [x]ij,

i

where the curvature C is defined in (4.9), may be written using the pseudoinverse (since £,, is diagonal) of
A as
h = —pinv(A4) Z C:; Covy[x];
i _
The following routine calculates the bias corvection matrix B, and the corrections to the basic parameter
vector xO=(N/No,T;/To, Te/T;,v/va,p) without drifts. The full matrix B is output, and the also the
correction vector dx plus the result vector x=x0+dx. vw specifies the parameter variation ranges Aa.

% biascorr.m

% The user must specify as in errcalcl the parameter vector p.

% The parameter vw is the ’half-widths’ vector of the parameter variations.
% If the flag is on, the derivatives and the information matrix are loaded
% from disk. The derivative matrix names must be derl and der2.

4 If there is a priori information, one cannot directly use the

% pseudoinverse pinv(A). The routine must be modified accordingly.

% Since the second derivatives and the covariance matrix (up to

% the constant 1/6) elements vw(i)vw(j) are stored as a vector

% consisting of the upper triangular parts for each lag, the off-diagonal
% elements must be counted twice in the final sum.

% {x,dx,Bl=biascorr(flag,vw,Nlags,p,Ntau,N,incr)
function [x,dx,Bl=biascorr(flag,vw,Nlags,p,lNtau,N,incr)

if flag==0 & nargin==7,
deri=deriacfc(p,Ntau,N,incx);
der2=der2acfc(p,Ntau,N,incxr);
elseif flag==1 & nargin >3,
fnam=input(*derivatives file? ’,’s’);
aval([’locad * fnaml);
elss .
error{’flag must either 0 or 1 and input 7 or at least 4 paxameters’);
end;
%
derl=deri(1:Nlags,:);
der2=der2(1:Nlags,:);
% ) The diagonal mask
V=vectoris{vw);
n=length(p);
f=diagindv{n);
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The bias
B=pinv{deri}+der2/3;
B(:,£)=0.5%B(:,1);
dx=-B*V;
x=col{p)+dx;

The following routine calculates the cffect of parameter variations on the multiparameter fits. The
fact that the covariance matrix is & positive definite matrix is not used, but the errors calculated satisfy
the positivity constraints. Tt is advisable o use the routine only for one-parameter variations until further
notice. The a priori knowledge on parameter variations has to be input.

%
%
Y
%
4

%

errcalc2.m

The input is as in errcalci without a priori information.

The parameter v is now the flag vector of the parameter variations.

The parameter va is the half-widths vector of the parameter variations.
3-parameter fits and higher are output. The last items in the output

are square roots of the errors, ie. parameter variation errors

(tor the diagonal elements). Each line in the output is duplicated

by the line containing the effect of unknown variations of the parameter.

err=errcalc2(flag,v,va,Nlags,p,Ntau,¥,incr,pa)
function err=errcalc2(flag,v,va,Nlags,p,Ntau,N,incr,pa)

if flag==0 & nargin >=8,
deri=deriacfc(p,Ntau,N,incr);
der2=der2acfc{p,Ntau,N,incr};
elseif flag==1 & nargin >=8,
fnam=input (*derivatives file? ’,’s');
eval([’load ’ fnaml);
else
error(’flag must either 0 or 1 and input 8,9 or at least & parameters’);
end; ’

deri=deri(1:N¥lags,:};
der2=der2(1:Nlags,:};

The curvature natrix
n=length(p);pi=ones(i,n);
if length(v)"=n, exror(’incompatible v’}, end;
f=diagindv(n);
der2(:,f)=der2(:,f}/2; :
The variable covariances mask
V=vectoris(v);
lenv=length(V);
g=ones{i,lenv) & V;

J=sum{g};

The bare information matrix
a=[derl der2(:,g)/3l; '
sigma=sqrt(Ntan)*0.5+0.01;
scale=sigma”{-2);
ata=scale*a’*a;

The a priori information matrix
nJ=n+J;
nj=n+l:nJ;
apr=zeros{nJ);
if nargin==9,

aprp=aprinfo(pa,pi);
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%

The routine calculating the errors in chosen fits specified by the mask £ as a function of the composition
p is the following. The mask consists of ones and zeros, one denoting a variable which is considered variable
and zero a variable which is fixed. The output is xerr (relative errors for N,, T;, T, /T:}, composition value
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apr(i:n,1:n)=aprp;
end;
vaasva. " (2);
apra=aprinfo(vaa,v);
apr{nj,nj)=apra;
Q=ata+tapr;
The error matrix
h=zeros(1,nl);
h{1:3)=[1 1 1];
count=nJ-3;
num=2"count+1;
err=zeros{num,nJ);
The errors
mask=h;
err{1,1:n)=p;
for i=(2:num),
C=pcovar (@, h);
d=sqrt(diag(Cc)?);
err(i,1:n)=d(i:n);
err(i,nj)=sqrt(d(nj));
h=bits(h,mask);

ond;

A.6. The error calculation routines in Chapter 6

axis 1¢ and absolute errors asxrr, if needed.

The user must specify the starting value, increment and the number of the composition values wanted
in a vector pp=[pmin dp Np]. The rest of the parameters is as in dericfc.m. The actual lag distribution is

given as a mask F of length 40 with the zero lag data missing (Z=0).

%
%
%
%
%
%

%

comperr.m
foxr the paramster combination
given by the mask f with the last bit set to one.

[rerr,lc,aerr]=cemperr{p,Ntau,¥,incr,pp.t)
function [rerr,lc,aerr}l=comperr{p,Ntau,N,incr,pp,f)

Z=0;
F=[Z 1111
00100
¥=length(F)},
J=sum(f);
pmin=pp(1);dp=pp(2) ;Np=pp(3);
le=pnin+(0:Np-1) > *dp;
err=zeros(Np,J);
sigma=sqrt(Ntau)*0.5%0.01;
scale=sigma”(-2};
t0=clock;

1111111111111t 1..
1001001001001 00 1];

po=Ip(1:3) 1 11;
for j=1:Np
fprintf(’starting round %3.0f of ¥3.0f\n’,j,¥Np);

YM=40



A

A.8. The error calculation routines in Chapter 6

p(B)=1e(j);
der=derQacfc{p,Ntau,N,incr);
a=der(1:M,f);
a=a(F,:);
ata=a’'*a*scale;
aerr(j,:)=sqrt(diag(inv(atal}’);
end;
pp=kron{ones(Np,1),p0};
rerr=aerr./pp(:,f);

dt=etime{clock,t0);

fprintf(’total time used %6.2f minutes\n’,dt/60);

81

The routine calculating the errors in chosen fits specified by the mask £ as a function of the ion tem-
perature Ty is the following. It is supposed that the second bit of the mask is one. The errors will be given

as relative errors for the first three parameters in the output vector rexrr; 1t specifies the temperature axis
in Kelvins, and aerr (if needed) gives the absolute errors with constant Neff. :

The user must specify the starting value, increment and the number of the composition values wanted

in a vector pt=[tmin dt Npl. The rest of the parameters is as in dericfc.m. The actual lag distribution
is given as a mask F of length 40 with the zero lag data missing (Z=0). Due to the temperature dependence

of the first zero of the ACF, the number Neff, which is inversely proportional to the square root of Tj
(the real power is slightly less), can no longer be held constant. Also the temperature dependence of the
normalised collision frequency variable v/ on Ty has to be taken into account in caleulating relative errors.
The absolute errors have to be looked upon with great caution.

%
%
%
%
%
%

%

%

temperr.m
The routine calculates the result in a loop
for the parameter combination

given by the mask f with the second bit set to cne.

[rerr,1t,aerr]=temperr(p,Ntau,N,incr,pt,f)

function [rerr,lt,aerr]=temperr{p,Ntau,¥,incr,pt,f)

Z=0;

F=[z2 1111
00100

M=length(F);

np=length{p)-1;

J=sum(f);

tmin=pt (1) ;dt=pt{2) ;Ep=pt(3);

lt=tmin+(0:Np~1)’ #dt;

exr=zeros(Np,J);

sigmassqrt(Ntau)*0.5%0.01;

scale=sigma”(-2);

t0=¢lock;

6 1];

po=[p(1:3) 1 1];
for j=1:¥p

fprintf(’starting round %3.0f of %3.0f\n’,j,Np);

p(2)=1t(3);
der=derfacfc(p,Ntau,l,incr);
azder(1:M,1};
a=a(F,:);
ata=a'=*a*scale;
aerr{j,:)=sqrt(diag{inv(ata)}’);
end;
pr=kron(ones{Np,1),p0);

YM=40
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pp(:,2)=1t;

pp(:,4)=sqrt(1t);
aerr=aerr./kron(sqrt(1lt),ones(1,J));
rerr=aerr./pp(:,1);

1t=1t+*T0O;

dt=etime{clock,t0);
fprintf(’total time used %6.2f minutes\n’,dt/60);

A.7. The help routines used in the preceding ealculations

bits.m

The routine steps in binary form over a given binary vector using
a mask m determining which bits are stepped. If the mask bit is {1,
the correspending bit in £ is not acted upon. Bits 1 in f are
conserved. '

[res,ifend]=bits(f,m},
function [res,ifend]=bits(f,m),

c=1;m=row{m) ;n=length{m);
for i=n:-1:1,
if m(i)==0 & c,
if £{(i),
c=1;
£{i)=0;
else
c=0;
£(i)=1;
end;
end;
and;
res=1;
ifend=c;

pcovar.m
The routine calculates the a posteriori covariances

from the information matrix @ and the mask f consisting of zeros
and ones specifying which parameters ars fixed. The ocutput

is a maximum fixed length vector consisting of the variances of
the variable parameters and zexos for fixed parameters.

res=pcovar((Q,f)
function res=pcovar(Q,f)
n=length(f);

ras=zeros{n);

res(t,t)=inv(Q(f,1));

aprinfo.m

The construction of the a priori partial information matrix from a vector
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% va containing the the a pricri widths of the parameters and the
¥ parameter vector mask specifying which parameters are to be taken
% into account. Correlations are neglacted, so that Qa will ba diagonal.
% Qa=aprinfo(va,v)
%

function Qa=aprinfo(va,v};
%

u=row(v) ;ua=row(va);

n=length{u);d=zeres(1,n);

T=nagua;

d(f)=ua{f)."(-2);

wi=find(u==1);

Qa=diag(d{ui));

The row and column operations on a vector (works also on a matrix); the row operation

% row.m
% makes a vector or a matrix into a row vector
%
% res=row(A)
%
function res=row(A)
%

res=A(:)’;
The column operation

% col.m
% makes a vector or a matrix inte a column vector
%
% res=col(A)
%
function res=col(A)
%
res=4(:);

The parameter vector completed to include the zero deifts

% zdrit.m
% The input is nxlenp matrix of single spectral parameter vectors
% p. It is completed to pp to include the zero drifts.
%
% pp=zdrft(p)
p
function pp=zdrft(p)
%
n=size{p);
pp=[p zeroa(n,1)];

% vectoris.m

¥ calculates the independent elements an nx{n+1}/2 matrix of the
% products of a vector v stored as a vector

% V=vectoris(v)

function V=vectoris(v)

1j=0;
n=length(v);
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for i=i:m,
for j=i:m,
ij=ij+1;
V{ij)=v{i)*v(j);
end;
end;

% diagindv.m
% the index function of the diagonal elements of a symmetric nxn matrix
% put into a vector V as in vectoris.m
%
% fsdiagindv(n) ' .
%
" function f=diagindv(n)
%

f=zeros(1l,n);f(1)=1;

1={n:-1:2);

for i=2:n,

f{i)}=t(i-1)+1(i-1);
end;
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Fig. 1. A sample of c) the resonant plasma line in the electron component

of the IS spectrum and d) the whole IS spectrum. The density value used

was chosen to enhance the electron component somewhat.
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c) spectrum as a function of the collision frequency
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Fig. 25. The composition a posteriori distributions for the alternating code

experiment on 4 October 1987 integrated over 6 dumps and 10 range gates.
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experiment on 5 January 1988 integrated over 6 dumps and 10 range gates.



